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Sieving small integers i > 0

using primes 2; 3; 5; 7:

1
2 2
3 3
4 2 2
5 5
6 2 3
7 7
8 2 2 2
9 3 3

10 2 5
11
12 2 2 3
13
14 2 7
15 3 5
16 2 2 2 2
17
18 2 3 3
19
20 2 2 5

etc.
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Sieving i and 611 + i for small i

using primes 2; 3; 5; 7:

1
2 2
3 3
4 2 2
5 5
6 2 3
7 7
8 2 2 2
9 3 3

10 2 5
11
12 2 2 3
13
14 2 7
15 3 5
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17
18 2 3 3
19
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612 2 2 3 3
613
614 2
615 3 5
616 2 2 2 7
617
618 2 3
619
620 2 2 5
621 3 3 3
622 2
623 7
624 2 2 2 2 3
625 5 5 5 5
626 2
627 3
628 2 2
629
630 2 3 3 5 7
631

etc.
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Have complete factorization of

the “congruences” i(611 + i)

for some i’s.

14 � 625 = 21305471.

64 � 675 = 26335270.

75 � 686 = 21315273.

14 � 64 � 75 � 625 � 675 � 686

= 28345874 = (24325472)2.

gcd
�

611; 14 � 64 � 75� 24325472
	

= 47.

611 = 47 � 13.
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of any n, not just 611.

Given n and parameter y:

1. Try to fully factor i(n + i)

into products of primes � y

for i 2 �1; 2; 3; : : : ; y2
	

.

2. Look for nonempty set of i’s

with i(n + i) completely factored

and with
Q
i
i(n + i) square.

3. Compute gcdfn; s� tg where

s =
Q
i
i and t =

rQ
i
i(n + i).
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Have practically unlimited supply

of generalized congruences

(q�(n mod q))
n+q�(n mod q)

q
between 0 and n.

More careful analysis: Sublattices

are even better than that!

For q � n1=2 have

i � (n + i)=q � n1=2 � yu=2

so smoothness chance is roughly

(u=2)�u=2(u=2)�u=2 = 2u=uu,

2u times larger than before.
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Even larger improvements

from changing polynomial i(n+i).

“Quadratic sieve” (QS) uses

i2 � n with i � p
n;

have i2 � n � n1=2+o(1),

much smaller than n.

“MPQS” improves o(1)

using sublattices: (i2 � n)=q.

But still � n1=2.

“Number-field sieve” (NFS)

achieves no(1).
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14) sieve
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p

14j)
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(�11 + 3 � 25)(�11 + 3
p

14)

� (3 + 25)(3 +
p

14)

= (112� 16
p

14)2.

Compute

s = (�11 + 3 � 25) � (3 + 25),

t = 112� 16 � 25,

gcdf611; s� tg = 13.
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Why does this work?

Answer: Have ring morphism

Z[
p

14] ! Z=611,
p

14 7! 25,

since 252 = 14 in Z=611.
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(�11 + 3 � 25)(�11 + 3 � 25)

� (3 + 25)(3 + 25)

= (112� 16 � 25)2 in Z=611.

i.e. s2 = t2 in Z=611.

Unsurprising to find factor.
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Q[x]
x 7!

p
14 // Q[

p
14] = Q(

p
14)

Z[x]

OO

x 7!
p

14 // Z[
p

14]

OO

p
147!25
��

Z=611

Z[x] uses poly arithmetic on�
i0x

0 + i1x
1 + � � � : all im 2 Z

	
;

Z[
p

14] uses R arithmetic on�
i0 + i1

p
14 : i0; i1 2 Z

	
;

Z=611 uses arithmetic mod 611

on f0; 1; : : : ; 610g.
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to (f;m) with irred f 2 Z[x],

m 2 Z, f(m) 2 nZ.

Write d = deg f ,

f = fdx
d + � � �+ f1x

1 + f0x
0.

Can take fd = 1 for simplicity,

but larger fd allows

better parameter selection.

Pick � 2 C, root of f .

Then fd� is a root of

monic g = fd�1
d f(x=fd) 2 Z[x].
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(i;j)2S(i� jm)(i� j�)

in Q(�); now what?
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How to find square product

of congruences (i� jm)(i� j�)?

Start with congruences for,

e.g., y2 pairs (i; j).

Look for y-smooth congruences:

y-smooth i� jm and

y-smooth fd norm(i� j�) =

fdi
d + � � �+ f0j

d = jdf(i=j).

Find enough smooth congruences.

Perform linear algebra on

exponent vectors mod 2.
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What about primes in fd disc f?

Even if ideal is square,

is square root principal?

Even if ideal is generated

by square of element,

does square equal
Q

(i� j�)?
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forcing
Q

(i� j�)

to be a square.

Can be quite sloppy here;

easy to redo linear algebra

with more characters if

non-square is encountered.
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Sublattices

Consider a sublattice

of pairs (i; j) where

q divides jdf(i=j).

Assume squarish lattice.

(i� jm)jdf(i=j)

expands by factor q(d+1)=2

before division by q.

Number of sublattice elements

within any particular bound

on (i� jm)jdf(i=j)

is proportional to q�(d�1)=(d+1).
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times as many congruences
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Separately consider

i� jm and jdf(i=j)=q

for more precise analysis.

Limit congruences accordingly,

increasing smoothness chances.



Obstruction group is small,

conjecturally very small.

“(fd disc f)-Selmer group.”

A few characters

suffice to generate dual,

forcing
Q

(i� j�)

to be a square.

Can be quite sloppy here;

easy to redo linear algebra

with more characters if

non-square is encountered.

Sublattices

Consider a sublattice

of pairs (i; j) where

q divides jdf(i=j).

Assume squarish lattice.

(i� jm)jdf(i=j)

expands by factor q(d+1)=2

before division by q.

Number of sublattice elements

within any particular bound

on (i� jm)jdf(i=j)

is proportional to q�(d�1)=(d+1).

Compared to just using q = 1,

conjecturally obtain y4=(d+1)+o(1)

times as many congruences

by using sublattices for

all y-smooth integers q � y2.

Separately consider

i� jm and jdf(i=j)=q

for more precise analysis.

Limit congruences accordingly,

increasing smoothness chances.



Obstruction group is small,

conjecturally very small.

“(fd disc f)-Selmer group.”

A few characters

suffice to generate dual,

forcing
Q

(i� j�)

to be a square.

Can be quite sloppy here;

easy to redo linear algebra

with more characters if

non-square is encountered.

Sublattices

Consider a sublattice

of pairs (i; j) where

q divides jdf(i=j).

Assume squarish lattice.

(i� jm)jdf(i=j)

expands by factor q(d+1)=2

before division by q.

Number of sublattice elements

within any particular bound

on (i� jm)jdf(i=j)

is proportional to q�(d�1)=(d+1).

Compared to just using q = 1,

conjecturally obtain y4=(d+1)+o(1)

times as many congruences

by using sublattices for

all y-smooth integers q � y2.

Separately consider

i� jm and jdf(i=j)=q

for more precise analysis.

Limit congruences accordingly,

increasing smoothness chances.
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Multiple number fields

Assume that f + x�m 2 Z[x]

is also irred.

Pick � 2 C, root of f + x�m.

Two congruences for (i; j):

(i�jm)(i�j�); (i�jm)(i�j�).

Expand exponent vectors to

handle both Q(�) and Q(�).

Merge smoothness tests

by testing i� jm first,

aborting if i� jm not smooth.

Can use many number fields:

f + 2(x�m) etc.
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