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Modern version of McEliece:

Receiver's public key is “random”

tlgn X n matrix K over F».
Specifies linear F} — |:t gn

Typically tlgn ~ 0.2n;
e.g., n = 2048, t = 40.
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Encryption of m is Km & Ft gn

Use hash of m as secret AES-
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Code-based encryption

Modern version of McEliece:

Receiver's public key is “random”

tlgm X n matrix K over F».
Specifies linear F3} — |:t gn

Typically tlgn ~ 0.2n;
e.g., n = 2048, t = 40.

Messages suitable for encryption:

{m € F} . #{i . m; = 1} = t}.

Encryption of m is Km & Ft gn

Use hash of m as secret AES-
GCM key to encrypt more data.

Attacker, by linear algebra,
easily works backwards
from Km to some v € FJ
such that Kv = Km.

1.e. Attacker finds some

element v € m + KerK.
Note that #KerK > 2n—tlgn

Attacker wants to decode v:

to find element of KerK

at distance only ¢ from v.
Presumably unique, revealing m.
But decoding isn't easy!

Receiver builds K with secret
Goppa structure for fast decoding.



sed encryption

version of McEliece:

's public key i1s “random”

n matrix K over F».

linear F — FL8™

/tlgn ~ 0.2n;
= 20438, t = 40.

s suitable for encryption:

S’:#{‘i:mi:1}:t}.
onofmisKm€F2

1 of m as secret AES-
y to encrypt more data.

tlgn

Attacker, by linear algebra,
easily works backwards
from Km to some v € FJ
such that Kv = Km.

1.e. Attacker finds some

element v € m + KerK.
Note that #KerK > 2n—tlgn

Attacker wants to decode v:

to find element of KerK

at distance only ¢t from v.
Presumably unique, revealing m.
But decoding isn't easy!

Receiver builds K with secret

Goppa structure for fast decoding.

Goppa ¢

Fix g €
t€q2,3
n € {tlg

e.g. q=
or g =4

Recelver
as the p
for the ¢
irreducik
binary G
a monic
polynom
distinct



btion
McEliece:
ey Is “‘random”
K over F».
\ tlgn

— F5° .
).21n;
— 40.

for encryption:

ng =1} = t}

s Km € Fy8™

secret AES-
pt more data.

Attacker, by linear algebra,
easily works backwards
from Km to some v € FJ
such that Kv = Km.

1.e. Attacker finds some

element v € m + KerK.
Note that #KerK > 2n—tlgn,

Attacker wants to decode v:

to find element of KerK

at distance only ¢ from v.
Presumably unique, revealing m.
But decoding isn't easy!

Receiver builds K with secret

Goppa structure for fast decoding.

Goppa codes

Fix g € {8, 16, 32,
te€{2,3,...,|(q-
ne{tlgg+1,tlg
e.g. g =1024, { =
or g = 4096, t =1

Receiver builds a
as the parity-checl
for the classical (g

irreducible length-
binary Goppa cods
a monic degree-t |
polynomial g € F,
distinct a1, ao, . ..
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Attacker, by linear algebra,
easily works backwards
from Km to some v € FJ
such that Kv = Km.

1.e. Attacker finds some

element v € m + KerK.
Note that #KerK > 2n—tlgn

Attacker wants to decode v:

to find element of KerK

at distance only ¢t from v.
Presumably unique, revealing m.
But decoding isn't easy!

Receiver builds K with secret

Goppa structure for fast decoding.

Goppa codes

Fix g € {8,16,32,...};

t€42,3,...,1(¢g—1)/Igq]

ne{tlgg+1,tlgg+ 2,
eg. q=1024,t =50, n

or ¢ = 4096, t = 150, n =

P
-

Receiver builds a matrix H

as the parity-check matrix

for the classical (genus-0)

irreducible length-n degree-i

binary Goppa code defined

a monic degree-t irreduci

ble

polynomial g € F4[z| anc

distinct a1, ap,...,an € Fy.



Attacker, by linear algebra,
easily works backwards
from Km to some v € FJ
such that Kv = Km.

1.e. Attacker finds some

element v € m + KerK.
Note that #KerK > 2n—tlgn,

Attacker wants to decode v:

to find element of KerK

at distance only ¢ from v.
Presumably unique, revealing m.
But decoding isn't easy!

Receiver builds K with secret

Goppa structure for fast decoding.

Goppa codes

Fix g € {8,16,32,...};
te{2,3,....[(¢—1)/lgq]};
nc{tlgg+1,tlgg+2,..., q}.
e.g. g =1024, ¢t =50, n = 1024.
or ¢ = 4096, t = 150, n = 3600.

Receiver builds a matrix H
as the parity-check matrix
for the classical (genus-0)

irreducible length-n degree-t
binary Goppa code defined by
a monic degree-t irreducible

polynomial g € F4[z] anc
distinct a1, ao, . .., an € Fq.



, by linear algebra,
rks backwards

n to some v € Fg'
t Kv = Km.

cker finds some
v € m + KerK.
1t #KerK > 2n—tlgn

- wants to decode v:
lement of KerK

1ce only £ from v.

bly unique, revealing m.
bding isn't easy!

builds K with secret

tructure for fast decoding.

Goppa codes

Fix g € {8,16,32,...};

t€42,3,..., (g—1)/lgq]};
ne€{tlgg+1,tlgg+2,..., q}.

e.g. g =1024, ¢t =50, n = 1024.

or ¢ = 4096, t = 150, n = 3600.

Receiver builds a matrix H
as the parity-check matrix
for the classical (genus-0)

irreducible length-n degree-t
binary Goppa code defined by
a monic degree-t irreducible

polynomial g € F4[z| anc
distinct a1, ao, . .., an € Fq.

... whicl

View ea

as a colt
Then H



- algebra, Goppa codes ... which means:
i/ards - Fix g € {8,16,32,...}; [
S t€ {23, (e -1)/lgal: e
o nc{tlgg+1,tlgg+2,..., q}. o
some e.g. g =1024, ¢t =50, n = 1024.

KerK. or ¢ = 4096, ¢ = 150, n = 3600. 9(a1)

> on—t lg n

— | Receiver builds a matrix H

decode v: as the parity-check matrix aﬁ_l
KerK for the classical (genus-0) \ g(a1)
from v. irreducible length-n degree-t

>, revealing m. binary Goppa code defined by View each elemen
- easy! a monic degree-t irreducible as a column in F|2g
with secret p.olynomial g € Fylz] anc Then H: F} — F
)¢ fast decoding. distinct a1, a», ..., an € Fq.




g m.

oding.

Goppa codes

Fix g € {8,16,32,...};

t€42,3,..., (g—1)/lgq]};
ne€{tlgg+1,tlgg+2,..., q}.

e.g. g =1024, ¢t =50, n = 1024.

or ¢ = 4096, t = 150, n = 3600.

Receiver builds a matrix H
as the parity-check matrix
for the classical (genus-0)

irreducible length-n degree-t
binary Goppa code defined by
a monic degree-t irreducible

polynomial g € F4[z| anc
distinct a1, ao, . .., an € Fq.

...which means: H =

[ 1 1)

g(a1) g(an)
al . e an

g(a1) g(an)

t—1 t—1
a; a

\gla) " olan) /

View each element of F; he

as a column iIn Flzgq.
Then H : FZ — F5 89



Goppa codes

Fix g € {8,16,32,...};

t€42,3,..., (¢g—1)/lgq]};
nc{tlgg+1,tlgg+2,..., q}.

e.g. g =1024, ¢t =50, n = 1024.

or ¢ = 4096, t = 150, n = 3600.

Receiver builds a matrix H
as the parity-check matrix
for the classical (genus-0)

irreducible length-n degree-t
binary Goppa code defined by
a monic degree-t irreducible

polynomial g € F4[z] anc
distinct a1, a», ..., an € Fq.

...which means: H =

(1

g(a1)  glan)

View each element of F; here

as a column In Flzgq.
Then H : FZ — F5 89



(8,16,32,...}:

I (g—1)/lgq]};
g+ 1,tlgg+2,..., q}.

1024, £ =50, n = 1024.

096, £ = 150, n = 3600.

“builds a matrix H
arity-check matrix
lassical (genus-0)

le length-n degree-t
oppa code defined by
degree-t irreducible

ial g € Fy|z] anc

...which means: H =

[ 1 1)
g(a1) g(an)
al an
g(a1) g(an)

t—1 t—1
a; a

\gla) " olan) /

View each element of F, here

as a column iIn Flzgq.
Then H : FZ — F5 89

More us
the map
from Fg'

H is the
where F
and Fl:

l9/z], |
One-line

g—g(a1
T — a;

Receliver
as row r
revealing



- 50, n = 1024.

50, n = 3600.

natrix H

< matrix
enus-0)

n degree-t

> defined by
rreducible

[z] anc
an € Fyq.

..which means: H =

(L 1)

g(a1) g(an)

View each element of F; here

: I
as a column In Fzgq.

Then H : FZ — F5 89

More useful view:
the map m — ) .
from F73 to Fy|z]/

H i1s the matrix fo
where Fg' has star

and F4[z]/g has b
9/z], [g/2%], .

One-line proof' In

g9 —g(a;)
a:—a; Za

720

Receiver generates
as row reduction ¢
revealing only Ker
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1024.

600.

Yy

...which means: H =

[ 1 1)
g(a1) g(an)
al an
g(a1) g(an)

at—l a’%—l

\ g(a1)  g(an) /

View each element of F, here

as a column iIn Flzgq.
Then H : FZ — F5 89

More useful view: Consider
the mapm — > .m;/(z —
from F to Fylz]/g.

H is the matrix for this marg
where F5 has standard basi:
and F4|z]/g has basis

l9/z], Lg/:ch, Lg/mtJ.

One-line proof: In Fg|z] hay

9 —9g(a;) _ S o [g/mﬁ—l

r — Q,
Z 7>0

Receiver generates key K
as row reduction of H,
revealing only KerH.



...which means: H =

(L 1)

g(a1) g(an)

View each element of F; here

as a column iIn Flzgq.
Then H : FZ — F5 89

More useful view: Consider
the map m — > . m;/(z — a;)
from F to Fylz]/g.

H is the matrix for this map
where F5 has standard basis
and F,[z]/g has basis

lg/z], |g/z?%], ..., |g/5*].

One-line proof: In Fg[z] have

g—9glas) _ S o [g/mjﬂJ |

r — Q4
k 7>0

Receiver generates key K
as row reduction of H,
revealing only KerH.



1 means: H =

1 1)
g(a1) g(an)
.al an
g(a1) g(an)

t—1 qt—1

0@ alan) /

~h element of Fq here
mn In Flzgq.

.cn tlgq
.F2—+F2 .

More useful view: Consider
the map m — > . m;/(z — a;)
from F to Fylz]/g.

H is the matrix for this map
where F5 has standard basis
and F4|z]/g has basis

L9/, LQ/CCQJ, Lg/mtJ.

One-line proof: In Fg[z] have

9 —9g(a;) _ S o [g/xﬁ—lJ |

r — Q,
Z 7>0

Receiver generates key K
as row reduction of H,
revealing only KerH.

Lattice-!

1998 Hc
NTRU (

without

Recelver
he((Z

Cipherte
m, T € (
all coeff

it T

D. prime
g: powe
with ord
t: rough



t of Fy here
q

Llg g
2 .

More useful view: Consider
the map m — > . m;/(z — a;)
from F to Fylz]/g.

H is the matrix for this map
where F5 has standard basis
and F,[z]/g has basis

9/z], Lg/:er, Lg/a:tJ.

One-line proof: In Fg[z] have

g—9glas) _ S o [g/mjﬂJ |

r — Q4
k 7>0

Receiver generates key K
as row reduction of H,
revealing only KerH.

L attice-based

encr

1998 Hoffstein—Pi
NTRU (textbook

without required [

Recelver's pu

olic k

he((Z/q)z

/(z*

Ciphertext: m + 7

m,r € (£/q)

[z]/(

all coefficients in <

#{Z : ?"Z':—l} ==

. prime; e.g.

, P =

g: power of 2 arol
with order >(p —
t: roughly 0.1p.



re

More useful view: Consider
the map m — > . m;/(z — a;)
from F to Fylz]/g.

H is the matrix for this map
where F5 has standard basis
and F4|z]/g has basis

L9/, LQ/CCQJ, Lg/mtJ.

One-line proof: In Fg[z] have

9 —9g(a;) _ S o [g/xﬁ—lJ |

r — Q,
Z 7>0

Receiver generates key K
as row reduction of H,
revealing only KerH.

| attice-based

encryption

1998 Hoffstein—Pipher-Silve

NTRU (textb
without requi

Recelver's pu

ook version,
red padding):

olic key Is “ran

h € ((Z/q)lz

/(2P = 1))*.

Ciphertext: m + rh given

m,r € (£/q)

[z]/ (2P —1);

all coefficients in {—1,0,1};
#{Z : ‘)"Z':—l} — #{‘Z. : Ti:]

D. prime; e.g.

,p = 613.

g: power of 2 around 8p,
with order >(p — 1)/2 in (Z
t: roughly 0.1p.



More useful view: Consider Lattice-based encryption

the mag m = 2 ;mi/(T = aq) 1998 Hoffstein—Pipher—Silverman
from F3 to Fqlz]/g. NTRU (textbook version,
H is the matrix for this map without required padding):
where F3' has standa.rd basis Receiver’s public key is “random”
and Fq[a:]/g has baSIS h, c ((Z/C])[SC/(SCP . 1))*
/2], |9/2%], ..., |9/"]. | .
| Ciphertext: m + rh given

One-line proof: In Fg[z] have m,r € (Z/9)[z]/(zP — 1);
g — g(a.z') _ Z ag_' [g/ijJ_ all coefficients in {—1,0, 1};

T — Q i>0 #{1 . ri=—1}=#{1:r;=1} =1
Receiver generates key K p: prime; e.g., p = 6013.
as row reduction of H, g: power of 2 around 8p,
revealing only KerH. with order >(p — 1)/2 in (Z/p)*.

t: roughly 0.1p.




eful view: Consider
m ey ,mi/(T — a;)
to Fq[:c]/g.

matrix for this map

3 has standard basis
c| /g has basis

_g/:ch, o Lg/mtJ.

~proof: In Fy[z] have

) _ S d [g/xjHJ.
720

“generates key K

eduction of H,
r only KerH.

Lattice-based encryption

1998 Hoffstein—Pipher—Silverman
NTRU (textbook version,

without required padding):

Receiver’s public key i1s “random”
h € ((Z/q)z]/(zF —1))".
Ciphertext: m + rh given

m,r € (Z/q)[z]/(zF — 1),
all coefficients in {—1,0,1};

#{1 . ri=—1}=#{1:r;=1} =1t
p. prime; e.g., p = 613.

g: power of 2 around 8p,
with order >(p — 1)/2 in (Z/p)*.
t: roughly 0.1p.

Recelver
where f

all coeff:
#{1 : fi
#{1: 9
both 1 4

Given ci
recelver
(1+3f
in (Z/q)
lifts to
coeffs in
reduces
to obtail



Consider
m;/(T — a;)
7

r this map

dard basis
asls

. Lg/a:tJ.

Lattice-based encryption

1998 Hoffstein—Pipher—Silverman
NTRU (textbook version,

without required padding):

Receiver's public key is “random”
h € ((Z/q)[z]/(zP —1))*.

Ciphertext: m + rh given

m,r € (Z/q)[z]/(zP - 1);
all coefficients in {—1,0,1};

#{Z : ?"Z':—l} — #{z : 'rz-zl} — t
. prime; e.g., p = 613.

q: power of 2 around 8p,
with order >(p —1)/2 in (Z/p)*.
t: roughly 0.1p.

Receiver built h =

where f,g € (Z/q
all coeffs in {—1,(
#{i: fi=—1} =5
#{1: gi=—1}~%
both 1 + 3f and ¢

Given ciphertext ¢
receliver computes
(1+3f)c=(1+"
in (Z/q)[z]/ (= -
lifts to Z|z]/(zP -
coeffs in {—q/2,.
reduces modulo 3
to obtain m.



€

| attice-based

encryption

1998 Hoffstel

NTRU (textb
without requi

Recelver's pu

n—Pipher=Silverman
ook version,
red padding):

olic key Is “random”

h € ((Z/q)lz]/(zP — 1))

Ciphertext: m + rh given

m,r € (£/q)

[z]/(zP —1);

all coefficients in {—1,0,1};

#{1 . ri=—1}=#{1:r;=1} =1t
. prime; e.g.

,p = 613.

g: power of 2 around 8p,
with order >(p — 1)/2 in (Z/p)*.
t: roughly 0.1p.

Receiver built A = 3g/(1 4+

where f, g € (Z/q)[z]/(zP -
all coeffs in {—1,0, 1},

Wi fim—1} = #{i: fi=
#it s gi=—1p R {1 gi=1
both 1 4+ 3f and g invertible

Given ciphertext c = m + 7
receliver computes
(14+3f)c=(1+3f)m+3
in (Z/q)[a]/(a? — 1)

lifts to Z|z]/(zP — 1) with
coeffs in {—q/2, ..., q/2 —:
reduces modulo 3

to obtain m.



Lattice-based encryption

1998 Hoffstein—Pipher—Silverman
NTRU (textbook version,

without required padding):

Receiver’s public key i1s “random”
h € ((Z/q)[z]/(zP —1))*.
Ciphertext: m + rh given

m,r € (Z/q)[z]/(zP - 1);
all coefficients in {—1,0,1};

#{Z : ?"Z':—l} — #{z : 'rz-zl} — t
. prime; e.g., p = 613.

q: power of 2 around 8p,
with order >(p —1)/2 in (Z/p)*.
t: roughly 0.1p.

Receiver built A = 3¢g/(1 + 3f)

where £,g € (Z/q)[z]/(z” — 1)
all coeffs in {—1,0, 1},

#{1: fi=—1} =#{s: fi=1} =¢
#{i: gi=—1}~#{i: g;=1}~E,
both 1 + 3f and g invertible.

Given ciphertext c = m + rh,
receliver computes
(1+3f)ce=(14+3f)m+ 3rg
in (Z/q)[z]/ (=P - 1),

lifts to Z|z]/(z” — 1) with
coeffs in {—q/2, ..., q/2 — 1},
reduces modulo 3

to obtain m.



based encryption

ffstein—Pipher—Silverman
textbook version,
required padding):

's public key is “random”
[q)|z]/ (=P —1))*.

xt: m + rh given

Z/q)|z]/ (2P —1);
cients in {—1,0,1};

=1} = #{i =1} =t

 e.g., p= 06013

r of 2 around 8p,

er >(p—1)/2in (Z/p)*.
ly 0.1p.

Receiver built A = 3g/(1 + 3f)

where f, g € (Z/q)[z]/(z” - 1),
all coeffs in {—1,0, 1},

#41: fi=—1} =#{1: fi=1} =1,
#{i:g=—1 ~#{i: g;=1} = g,

both 1 + 3f and g invertible.

Given ciphertext c = m + rh,
receliver computes
(1+3f)ce=(14+3f)m + 3rg
in (Z/q)la]/(a? — 1)

lifts to Z|z]/(zP — 1) with
coeffs in {—q/2,..., q/2 — 1},
reduces modulo 3

to obtain m.

Basic at
Lift pair
to obtai

Attackin

(1+3f,

In this |z

Attackin
(0, c) is
lattice v

Standare
(SVP, C
Nothing
even pos



yption Receiver built A = 3¢g/(1 + 3f) Basic attack tool:
>her—Silverman where f,g € (Z/q)|z]/(zP — 1), Lift pairs (u, uh)
Jersion all coeffs in {—1,0,1}, to obtain a lattice
adding): e fim— 1y = fi=1] — % Attacking key A
o y #{‘L : g’i:_l}% #{’L : g’i:]-}% 3 (1 +3f 39) ic 3 s
€y Is “random both 1 + 3f and g invertible. ST
—1)*. in this lattice.
e lee.n ciphertext c = m + rh, Attacking cipherte
S receiver computes .
zP — 1); (0, ¢) is close to
' (1+3f)ce=(14+3f)m + 3rg tt
~1,0,1%: | attice vector (7, r
PR in (Z/q)[z]/(z” - 1),
i ri=1p =1t lifts to Z[z]/(zP — 1) with Standard lattice al
- 613. coeffs in {—q/2,...,q/2 — 1}, (SVP, CVP) cost :
ind 8p, reduces modulo 3 Nothing subexpon
1)/2 n (Z/p)*. to obtain m. even post-quantur
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Receiver built A = 3g/(1 + 3f)

where f, g € (Z/q)[z]/(z” - 1),
all coeffs in {—1,0, 1},

#41: fi=—1} =#{1: fi=1} =1,
#{i:g=—1 ~#{i: g;=1} = g,

both 1 + 3f and g invertible.

Given ciphertext c = m + rh,
receliver computes
(1+3f)ce=(14+3f)m + 3rg
in (Z/q)[z]/ (=P - 1),

lifts to Z|z]/(zP — 1) with
coeffs in {—q/2, ..., q/2 — 1},
reduces modulo 3

to obtain m.

Basic attack tool:
Lift pairs (u, uh) to Z°P

to obtain a

lattice.

Attacking key h:

(1+3f,39

) is a short vecto

In this lattice.

Attacking ciphertext c:

(0, ¢) is close to

lattice vector (7, Th).

Standard lattice algorithms

(SVP, CVP
Nothing su

) cost 2°9(P).
nexponential kno

even post-c

uantum.



Receiver built A = 3g/(1 + 3f)

where f, g € (Z/q)[z]/(z” - 1),
all coeffs in {—1,0, 1},

#{1: fi=—1} =#{1: fi=1} =1t
#{i: gi=—1}~#{i: g;=1}~ 5,

both 1 + 3f and g invertible.

Given ciphertext c = m + rh,
receliver computes
(1+3f)ce=(14+3f)m + 3rg
in (Z/q)[e]/(a? — 1)

lifts to Z|z]/(z” — 1) with
coeffs in {—q/2, ..., q/2 — 1},
reduces modulo 3

to obtain m.

Basic attack tool:
Lift pairs (u, uh) to Z2P
to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector
in this lattice.

Attacking ciphertext c:
(0, ¢) is close to
lattice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).
Nothing subexponential known,

even post-quantum.



“built A = 3g/(1 + 3f)

9 €(Z/q)[z]/(z? - 1),
sin{—1,0,1},

1} = i fi=1p = ¢
—— 1} A gi=1}~ 8,

-3f and g invertible.

phertext c = m + rh,
computes
ic=(14+3f)m + 3rg

[z]/ (2P = 1),
|z]/(zP — 1) with

Basic attack tool:
Lift pairs (u, uh) to Z°P
to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector
in this lattice.

Attacking ciphertext c:
(0, ¢) is close to
lattice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).
Nothing subexponential known,

even post-quantum.

Take p ¢
against .

O(blgb)
Time b(|

to multi
(Z/q)[=
Time b(
for encry

Excellen



3g9/(1+3f)
)[z]/(zP — 1),
), 1},

Hi: fi=l) =1t
é{’i : gi:1}% %,

1 invertible.

—m +rh,

3f)m + 3rg

1),
- 1) with

.,q/2 —1},

Basic attack tool:
Lift pairs (u, uh) to Z2P
to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector
in this lattice.

Attacking ciphertext c:
(0, ¢) is close to
lattice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).
Nothing subexponential known,

even post-quantum.

Take p € ©(b) for
against all known

O(blgb) bits in ke
Time b(Ig b)2to(1)

to multiply In

(Z/9)[z]/(zP — 1)
Time b(lg b)21+o(1)
for encryption, dec

Excellent overall p



Basic attack tool:

Lift

pairs (u, uh) to Z2P

to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector

In t

nis lattice.

Attacking ciphertext c:

(0, ¢) is close to

latt

ice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).
Nothing subexponential known,

even post-quantum.

Take p € ©(b) for security 2
against all known attacks.

O(blgb) bits in key.

Time b(Ig b)2to(1)

to mu

(Z/q)l

Tl
T

oly In

|/(zF —1).

Time b(lg b)2+0(1)
for encryption, decryption.

Excellent overall performanc



Basic attack tool:
Lift pairs (u, uh) to Z2P
to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector
in this lattice.

Attacking ciphertext c:
(0, ¢) is close to
lattice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).

Nothing subexponential known,

even post-quantum.

Take p € ©(b) for security 2°
against all known attacks.

O(blgb) bits in key.
Time b(Ig b)2o(1)

to multiply In
(Z/q)[z]/(zP —1).

Time b(Ig b)2°(1)

for encryption, decryption.

Excellent overall performance.



Basic attack tool:
Lift pairs (u, uh) to Z2P
to obtain a lattice.

Attacking key h:
(1 -+ 3f,3g) is a short vector
in this lattice.

Attacking ciphertext c:
(0, ¢) is close to
lattice vector (7, Th).

Standard lattice algorithms
(SVP, CVP) cost 2°(P).

Nothing subexponential known,

even post-quantum.

Take p € ©(b) for security 2°
against all known attacks.

O(blg b) bits in key.
Time b(lg b)21+o(1)

to multiply In
(Z/q)[z]/(zP —1).

Time b(Ig b)2°(1)

for encryption, decryption.

Excellent overall performance.

The McEliece cryptosystem
inspires more confidence
but has much larger keys.



tack tool:
s (u, uh) to Z°P
N a lattice.

g key h:
3g9) is a short vector
ttice.

g ciphertext c:
close to
ector (7, 7h).

1 lattice algorithms
VP) cost 2°(P).

subexponential known,

st-quantum.

Take p € ©(b) for security 2°
against all known attacks.

O(blgb) bits in key.

Time b(Ig b)2to(1)

to multi

(Z/q)[z

oly In

/(2P —1).

Time b(lg b)2°(1)
for encryption, decryption.

Excellent overall performance.

The McEliece cryptosystem

inspires more confidence

but has

much larger keys.

Somethi

1985 H.
A(k) ha
of additi
Symmet

“The pr
To detet
complet:
requires
already |
of an ell
in Weler



to Z2P

hort vector

Xt C:

h).
jgorithms
HO(p)

ential known,

n.

Take p € ©(b) for security 2°
against all known attacks.

O(blgb) bits in key.
Time b(Ig b)2°(1)

to multiply In
(Z/9)lz]/(zP - 1).

Time b(Ig b)2°(1)
for encryption, decryption.

Excellent overall performance.

The McEliece cryptosystem
inspires more confidence
but has much larger keys.

Something comple

1985 H. Lange—RL
A(k) has a comple
of addition laws, c

Symmetry = degt

“The proof is non:
To determine expl
complete system c
requires tedious cc
already in the easi
of an elliptic curve
in Welerstrass nor



wn,

Take p € ©(b) for security 2°
against all known attacks.

O(blgb) bits in key.

Time b(lg b)2+°(1)

to multi

(Z/q)[z

oly In

/(P —1).

Time b(lg b)2+°(1)
for encryption, decryption.

Excellent overall performance.

The McEliece cryptosystem

inspires more confidence

but has

much larger keys.

Something completely differ

1985 H. Lange—Ruppert:

A(k) has a complete system
of addition laws, degree < (.
Symmetry = degree < (2,2

“The proof is nonconstructn
To determine explicitly a
complete system of addition
requires tedious computatiol
already In the easiest case
of an elliptic curve

in Weierstrass normal form.’



Take p € ©(b) for security 2°
against all known attacks.

O(blgb) bits in key.
Time b(Ig b)2°(1)

to multiply In

(Z/9)lz]/(zF —1).

Time b(Ig b)2°(1)
for encryption, decryption.

Excellent overall performance.

The McEliece cryptosystem
inspires more confidence
but has much larger keys.

Something completely different

1985 H. Lange—Ruppert:
A(k) has a complete system
of addition laws, degree < (3, 3).

Symmetry = degree < (2, 2).

“The proof is nonconstructive. . .
To determine explicitly a
complete system of addition laws
requires tedious computations
already In the easiest case

of an elliptic curve

in Weilerstrass normal form.”



= O(b) for security 2°

all known attacks.
bits in key.

o b)2+0( )

oly In

/(P —1).

)2+0(1)

g b
/ption, decryption.

t overall performance.

Fliece cryptosystem
more confidence

much larger keys.

Something completely different

1985 H. Lange—Ruppert:

A(k) has a complete system

of addition laws, degree < (3, 3).
Symmetry = degree < (2, 2).

“The proof is nonconstructive. . .
To determine explicitly a
complete system of addition laws
requires tedious computations
already In the easiest case

of an elliptic curve

in Weierstrass normal form.”

1985 La
Explicit
of 3 add
for short

Reduce
by intro

T;Yj + 3

1987 La
Explicit
of 3 add
for long



security Db
attacks.

2

ryption.

erformance.

ytosystem
idence
er keys.

Something completely different

1985 H. Lange—Ruppert:
A(k) has a complete system
of addition laws, degree < (3, 3).

Symmetry = degree < (2, 2).

“The proof is nonconstructive. . .
To determine explicitly a
complete system of addition laws
requires tedious computations
already In the easiest case

of an elliptic curve

in Weilerstrass normal form.”

1985 Lange—Rupp

Explicit comp
of 3 addition

ete .
adWs

for short Welerstr:

Reduce formulas t

by Introducing ext
ZiYj + TjYi, TiYj

1987 Lange—Rupp

Explicit comp
of 3 addition

ete .
adWs

for long Welerstra



Something completely different

1985 H. Lange—Ruppert:

A(k) has a complete system

of addition laws, degree < (3, 3).
Symmetry = degree < (2, 2).

“The proof is nonconstructive. . .
To determine explicitly a
complete system of addition laws
requires tedious computations
already In the easiest case

of an elliptic curve

in Weierstrass normal form.”

1985 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
aWs

for short Welerstrass curves.

Reduce formulas to 53 mon«

by introducing extra variable
TiYj + TjYi TiY; — T5Y;.

1987 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
AWS

for long Weierstrass curves.



Something completely different

1985 H. Lange—Ruppert:
A(k) has a complete system
of addition laws, degree < (3, 3).

Symmetry = degree < (2, 2).

“The proof is nonconstructive. . .
To determine explicitly a
complete system of addition laws
requires tedious computations
already In the easiest case

of an elliptic curve

in Weilerstrass normal form.”

1985 Lange—Ruppert:
Explicit complete system

of 3 addition laws
for short Welerstrass curves.

Reduce formulas to 53 monomials
by introducing extra variables

TiYj + TjYi, TiYj — T;Ys.
1987 Lange—Ruppert:
Explicit complete system

of 3 addition laws
for long Weierstrass curves.



ng completely different

Lange—Ruppert:

s a complete system

on laws, degree < (3, 3).
ry = degree < (2, 2).

oof IS nonconstructive. . .
'mine explicitly a

> system of addition laws
tedious computations

n the easiest case

Iptic curve

strass normal form.”

1985 Lange—Ruppert:

Explicit comp
of 3 addition

ete system

dWS

for short Welerstrass curves.

Reduce formulas to 53 monomials

by introducing extra variables
TiYj + TjYi TiY; — T5Y;.

1987 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
AWS

for long Weierstrass curves.

+ + + =

+ +
l;\- — — p— — p— — — —
e W L W R

+ +

+4a
+ 4a
7P =3X, 2
+ a,f
+d,.

+ a,

+ 3a
+ 2a
+ 2a
+ Ayl
+ (a
+a;3
+a,



tely different

Ippert:

te system
legree < (3, 3).
ee < (2,2).

constructive. ..
icitly a

f addition laws
ymputations
est case

)

mal form.”

1985 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
AWS

for short Welerstrass curves.

Reduce formulas to 53 monomials

by introducing extra variables
TiYj + TjYi, TiY; — T5Y;.

1987 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
AWS

for long Weierstrass curves.

238 BOSMA AN

Y =Y1Yi4+a, X,Y Y, +(a,a,—
+a,YIY,Z,—(a5—3a,) X7)
+(aa,—a,a)(2X, Z,+ X, Z
+(ala,—2a,a,a;+3a2) X X
—(a,a,—9a) X\ X5( X 2, + .
+ (Ba,a,—aza (X, Z,+2X,.
+{(3aiay — 2a,aras+ ayai + 3
— Bayae—a X, Z,+ X, Z )
+(aja,—arasa,+a,a,a; —a
+(atas—alaya, + Satayaq+
—ajai+aial —ayal+4aza,
+{adaya,—a,ayaa4 + 3a, ay
+daia,—2a3a, —3asa) X, Z
+{@lara,—atala, +atasa,-
+4da,d,aza, — 2a,a,a% + a,a’
+da,a,a,—at—6aia,—a; —

Z2=3X, Xy X, Yot Xy Y )+ ¥, Yl
Fa (2K, Y+ Y, X)) Y, 7, F
O X\ XAV Zy+ Yo Z))
(X, Yo+ Xy Y (X, 2, + X
+ai XiX,Z,+a a, X X5(2X,
V3a, X, X3Z, +a, Y, Zy( Y, Z
+2a,a: X, Z,(Y,Z,+Y,Z,)
+2a,a. X, Y\ Z,\Z,+a,X, Y,
+ay X\ Z,+ X Z WY, Z,+ Y
+(atas+ayay) X\ Z,( X, Z,+
+aiY\Z,Z5+ (a3 +3ag)( Y, 2
+a,a32X,Z,+ X, Z ) 2, Z, -
+aia,( X, Z,+2X,2)Z,Z,-



/E. ..

laws
1S

1985 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
aWs

for short Welerstrass curves.

Reduce formulas to 53 monomials

by introducing extra variables

T;Y; + T5Yq,

ZiYj — T;Ys

1987 Lange—Ruppert:

Explicit comp
of 3 addition

ete system
AWS

for long Weierstrass curves.

238

(2) __
Y3 -

(2)
Z3

BOSMA AND LENSTRA

YiYs+a, X, Y Y,+(a,a,—3a,) X, X3Y,

+a  YiY,Zy—(a5—3a,) X7X3
+(a,a,—a,a:)(2X, Z,+ X, Z,) X, Y,

(a’a, —2a,a,a; +3a%) XX, Z,

—(a,a,—9a¢) X, Xo( X, Z,+ X, 7))

(3a,a,—aa,)( X, Z,+2X,Z2) Y, Z,

(3aias —2a ayay+ aya3 + 3a,as—ai) X, ZHA X, Z, +
—

+

+ (a}

~+

+ +

3ayae — )(X122+X221)(X122_X221)
2 2 3
a a6 a1a3a4+a|a2a3—a1a4+4alaza6_‘a3—3a3f
— a0, +5aiaa,+aia.a3 —a,a-a,a, —ad
: 2
qafag+a§a§—a2a§+4a§a6—-a§'a4—3044:16)XIZ,ZE
2 3 2.2 2
+lajdyde —a,d,a-a,+ 3a,a,a, +asa;—a,a;
+dasa,—2a3a,—agae) X217,
3 2 3
+(@layae—atalas +atasa,+a ayal
+4da,a,a5a4 — 2a,a-a; + a,asa,

3 272
+da,a,ae—at—6aia,—a,—%a;) 2373,

=3X, (X, L+ LY )+ YV YA Y 2o+ Yo Z) 4+ 3a, X1 X

+a,(2X, Y, + Y, X,) Y, Z,+al X, ZA2X, Y, + X, Y,)
+d, X\ XY 25+ Y, 2Z,)

+a (X, Y, + X, Y WX, Z,+ X, 2Z))

+ai XX Z, v a a, X Xo(2X 2, + X, 2,
430, X, X2Z  +a, Y\ ZA Y, Z,+2Y,Z))
+2aa: X, Z(Y Z,+ Y, Z)

+2a,a: X, Y\ Z\ Zr+a( X, Y2+ Xo Y\) Z, Z,

b ay X, Zy+ XoZ WY, Zy+ Yy Z,)

+(atas+a,a) X\ Z,( X, Z,+2X,Z )+ asa- X5 Z,(2X,
+a3 Y\ Z,Z5+ a3+ 3a )Y Z,+ Y, Z) Z, Z
+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;

+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.



1985 Lange—Ruppert:
Explicit complete system

of 3 addition laws
for short Welerstrass curves.

Reduce formulas to 53 monomials
by introducing extra variables

TiYj + TjYi, TiYj — T;Ys.
1987 Lange—Ruppert:
Explicit complete system

of 3 addition laws
for long Weilerstrass curves.

238

(2) __
Y3 -

(2) __
Z =

BOSMA AND LENSTRA

YiYita, X,Y Y, +(a,a,—3a,) X, X3Y,
+a,YIY,Z,—(a5—3a,) X1X3
+(a,a,—a,a:)2X, Z,+ X, Z)) X, Y,
(@%a,—2a,a,a;+3a3) X*X,Z,

—(aya,—9a) X, X5( X Z,+ X5 7))

(Ba,a,—aza, (X, Z,+2X,Z2,) Y, Z,

(3aiae —2a,ayas+ aya3 + 3a,as —ai) X, ZH X Z,+2X,Z))
—

+

+ (a}

-+

+ o+

Yayag — a2 X, Zy+ Xo Z WX, Zy— X2 7))
ara,—ataya,+a,a,ar —aa;+4a,a a6 —azy—3asal) Y Z, 75
—dld,8, + 5a%asag+ ata,a3 — a, 00,0, — @ a3 — 3a, aydag
—ajal+ a%a% —ayal+daia, —ala, —3aag) X, 2,723
+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,
+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,
+da,a,ae—at—6asa,—a, —%a;) Z3Z3,
3X, Xy X, Yot Xo V) 4 ¥, Yo Y, Zs 4 Yo Z)) + 30, X2 X2
(2K, Y+ Y, X)) Y, Z+ a2 X, ZA2K, Y, + X, Ys)
@ X XY\ Zs+ Yo Z))
X, Y+ X, Y X, Zy + Xo 7))
+ai XiX,Zy+a,a, X X5(2X, 2,4+ X, Z )
30, X, X2Z, 4 as Y\ Zo ¥\ Zy 4 2V, Z))
+2a.a. X, 2 Y, Z,+Y,Z,)
20,0 X, Y, Z, Zy b al( X, Yot X Y\) Z, Z,
Al X, Zy+ X Z WY, Zy+ Yo Z))
+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z,\ Z5+ a5+ 3ag) Y Z,+ Y, Z) 2, Z
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73



nge—Ruppert:

comp

ition

ete system
aWs

- Welerstrass curves.

formulas to 53 monomials

Jucing extra variables
Y TiY; — T

nge—Ruppert:

comp
Ition

ete system
AWS

Welerstrass curves.

238 BOSMA AND LENSTRA

Y =YYi+a, X,Y Y, +(a,a,—3a,) X, X3Y,
b4y Y2 Y, Z, — (a%—3a,) X2X2
+(a,a,—a,a:)(2X, Z,+ X, Z,) X, Y,
+(aa,—2a,a,a;+3a%) XX, Z,
—(aya,— %) X, XX Z,+ X, 7Z))
+ (3a,a,—aa, ) (X, Z,+2X,Z2) Y, Z,
+(3aiae —2a,a a5+ asay + 3asag—ai) X\ Z( X, Z,+2X,Z,)
— Basae—ai (X, Z,+ X, Z WX, Z,— X,Z,)
+(alag—aiasa,+a,a,a3 —a,a; +4a,a,as — a3 — 3asag) Y, Z, 73
+lata,—ajaya, + 5aajag+atasal —a ara,a, —a,a3 — 3a,aqaq
—aia; + asai —ayal+daia, —aja, —3agas) X, 2, Z;
+(@laya, —a,a,a-a,+ 3a,aya, + asas —aya;
+dasa,—2a5a,—3asae) X, 7217,
+(@layae—atalas +atasa,+a ayal
+4da,a,a5a4 — 2a,a-a; + a,asa,
+da,a,a,—as—6asa,—a, —%al) Z:Z3,

Z2=3X, Xy X, Yot Xy V)4 Y, YA Y, Zst YaZ,) + 3a, X2 X2
(2K, Yy + Y, X0) Y, Zy 4 a2 X, ZH2X, Y, + X, Ys)
+d, X\ XY, Z,+ Y52}
+a, (X, Y, + X, Y (X, Z,+ X, Z))
+ai XiXsZy+aya, X\ Xo(2X\ 2,4+ X, 2,
+3a3X1X§_Zl+a3 Y\ ZAY, Z,+2Y,2Z,)
+2a,a: X, ZY, Z,+Y,Z,)
+2a,a. X, Y\ 2, Z+a, X, Y-+ X, Y ) 2,2,
+a X, Z,+ XsZ (Y, Z,+ Y, Z)
+(atas+a,a) X\ Z( X, Z,+2X,Z Y+ asa- X2 Z,(2X, 2y + X5 Z))
+a3 Y\ Z\ Z5+ a5+ 3a)( Y\ Z,+ Y, Z ) 2, Z,
+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;
+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.

1995 Bo
Explicit
of 2 add
for long
X3, Y3, ¢
- Z[a,l,.

X1,



ert:
Ssystem

1SS CUrVES.

o b3 monomials
ra variables

— T;Y;.

ert:
Ssystem

5SS CUrves.

238

BOSMA AND LENSTRA

YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,

b ay Y2 Y,Z,— (a2 — 3ag) X2 X3

+(aa,—a,a)2X, Z,+ X, Z) X, Y,
+(ala,—2a,a,a;+3a3) X* X, Z,
—(aya,— %) X, X2l X, Z,+ X, Z))

+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,

+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )

— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75

+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,

+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,

3 12
+da,a,ae—at—6asa,—a, —%a;) Z3Z3,

ZP=3X, XX, Y, + X, Y )+ Y\ Yo(Y,Z,+ YV, Z)) + 3a, X3 X3

Fa(2X, Y4+ Y, Xo) Y, Zo+ a2 X, ZA2X, Y, + X, Y,)
+ @ X\ XA Y, Z,+ Y, 2)

+a, X, Y, + X, Y WX, Z,+ X5 Z)

+ai XiX,Zy+a,a, X X5(2X, 2,4+ X, Z )
+3a: X\ X3Z,+a, Y\ ZAY, Z,+2Y,2Z))
+2a.a. X, 2 Y, Z,+Y,Z,)

+2a,a, X, Y\ Z\ Zy v ad X, Y.+ X, Y ) Z,Z,
+ayd X, Z,+ X Z WY, Z,+ Y, 2Z))

+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

1995 Bosma—Lens

Explicit comp
of 2 addition

ete
adWs

for long Welerstra:
X3,Y3, 23, X3,Y5,
€ Zlay, a2, a3, a4,

X1, Y1, 41, X;



. 1995 Bosma-—Lenstra:
Y =YYi+a, X,Y Y, +(a,a,—3a,) X, X3Y, EXpliCit COmp ete System

+ay Y1Y,Z, — (a3 —3a,) X1X73

+(aa,—aa; 02X, 2, + X,Z,) X, Y, Of 2 addition aWS

+ (a%a,_g—zalaza} *}-361%) X%X:Zz

(= 9a0) Xy i Za 4 K7 for long Welerstrass curves:

+ (3ala(,_‘a3a4)(X] Zz +2X221) lez

+(3aja, ~ 2a,aya, + ayas + 3y, — ai) X, Zy(X, Z, + 2X, Z,) X31 Y3? Z3’ X/ ' Yl' Zé

Dmlals — Basae—ai (X, Z,+ X, Z WX, Z,— X,Z,)
+(alag—aiasa,+a,a,a3 —a,a; +4a,a,as — a3 — 3asag) Y, Z, 73 E Z [al ’ a2 , a3 ’ a4, a6 ’
G +lata,—ajaya, + 5aajag+atasal —a ara,a, —a,a3 — 3a,aqaq

—aia; + asai —ayal+daia, —aja, —3agas) X, 2, Z; X]_ Y Z X Y Z ]
? ]_ ? ]. ? 2 ! 2 ! 2 )

+(@laya, —a,a,a-a,+ 3a,aya, + asas —aya;

+dasa,—2a3a,—agae) X217,

+(@layae—atalas +atasa,+a ayal

+4da,a,a5a4 — 2a,a-a; + a,asa,

+da,a,a,—as—6asa,—a, —%al) Z:Z3,
Z2=3X, Xy X, Yot Xy V)4 Y, YA Y, Zst YaZ,) + 3a, X2 X2

(2K, Yy + Y, X0) Y, Zy 4 a2 X, ZH2X, Y, + X, Ys)

d X XA Y\ Zs+ Yo Z))

X, Y+ X, YK, Zy+ X, Z,)

+ai XX Z, v a a, X Xo(2X 2, + X, 2,

V30, X, X2Z, 4 ay Y, Zo Y\ Z, + 2V, Z,)

+2aa: X, Z(Y Z,+ Y, Z)

20,03 X, Y\ 2, Zs +ay X, Yok X, ¥\) Z, Z,

b ay( X, Zy+ XoZ WY, Zy+ YaZy)

+(atas+a,a) X\ Z( X, Z,+2X,Z Y+ asa- X2 Z,(2X, 2y + X5 Z))

+a3 Y\ Z,\Z5+ a3+ 3a) Y\ Z,+ Y, Z ) Z, Z,

+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;

+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.




238 BOSMA AND LENSTRA

YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,
b4 Y2 Y, 7, — (a2 —3a3) X2X2
+(aa,—a,a)2X, Z,+ X, Z) X, Y,
+(ala,—2a,a,a;+3a3) X* X, Z,
—(aya,—9a) X, XA X, Zy+ X, 7))
+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,
+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )
— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75
+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,
+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,
+da,a,ae—at—6asa,—a, —%a;) Z3Z3,

ZO=3X, Xy X, Yo b Xy Y )+ ¥, Yo ¥, 2o+ Yo Z)) + 30, X2 X3
(2K, Y+ Y, X)) Y, Z+ a2 X, ZA2K, Y, + X, Ys)
@ X XY\ Zs+ Yo Z))
X, Y+ X, Y X, Zy + Xo 7))
+ai XiX,Zy+a,a, X X5(2X, 2,4+ X, Z )
30, X, X2Z, 4 as Y\ Zo ¥\ Zy 4 2V, Z))
+2a.a. X, 2 Y, Z,+Y,Z,)
20,0 X, Y, Z, Zy b al( X, Yot X Y\) Z, Z,
X, Zy+ X2 Z WY, Zy+ Yo Z,)
+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

1995 Bosma—Lenstra:
Explicit complete system

of 2 addition laws
for long Weilerstrass curves:
X3,Y3,23,X’,Y’,Zé
€ Zla1, a2, a3, a4, ap,
X1, Y1, 21, X2, Y2, Z>].
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YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,

b ay Y2 Y,Z,— (a2 — 3ag) X2 X3

+(aa,—a,a)2X, Z,+ X, Z) X, Y,
+(ala,—2a,a,a;+3a3) X* X, Z,
—(aya,— %) X, X2l X, Z,+ X, Z))

+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,

+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )

— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75

+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,

+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,

3 12
+da,a,ae—at—6asa,—a, —%a;) Z3Z3,

ZP=3X, XX\ Y, + X, Y )+ Y\ YA Y, Z,+ YV, Z) +3a, X7 X3

Fa(2X, Y4+ Y, Xo) Y, Zo+ a2 X, ZA2X, Y, + X, Y,)
+ @ X\ XA Y, Z,+ Y, 2)

+a, X, Y, + X, Y WX, Z,+ X5 Z)

+ai XiX,Zy+a,a, X X5(2X, 2,4+ X, Z )
+3a: X\ X3Z,+a, Y\ ZAY, Z,+2Y,2Z))
+2a.a. X, 2 Y, Z,+Y,Z,)

+2a,a, X, Y\ Z\ Zy v ad X, Y.+ X, Y ) Z,Z,
+ayd X, Z,+ X Z WY, Z,+ Y, 2Z))

+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

1995 Bosma—Lenstra:
Explicit complete system

of 2 addition laws
for long Weilerstrass curves:
X3,Y3,23,X’,Y’,Zé
€ Zla1, a2, a3, a4, ap,
X1, Y1, 21, X2, Y2, Z>].

My previous slide in this talk:
Bosma—Lenstra Y5, Z5.
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Yf’-:Y%Y%—i—aleYfY2+(alaz-303)X,X§Y, EXpliCit Comp ete SyStem

+(aas—aa: 02X, 2, + X, Z,) X, Y, Of 2 addition aWS

2 2
ata,—2a,a,a,+3a3) X7X,2Z,

s =900 X, XA X, 24 X, for long Welerstrass curves:

3(11&(,—-03(14)(X1 22 +2XQZI) Y] 22

(
(
(
(
(3aiae—2a,ayas+ ayas + 3asag —ai) X\ Zo( X, Z,+ 2X, 2 ) X3, Y3, Z3, XI , Yl, Zé
(
(
(

-+

4
+
— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3 E Z [al ’ a2 , a3 ’ a4, a6 ’
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75 X Y Z X Y Z ]
+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a; ]' ’ ]' ' ]' ' 2 ' 2 ' 2 ]
+4dasa,—2a3a,—3azay) X-Z3 7,

Hlana —afaias  aasd taad My previous slide in this talk:

+4da,d,aza, — 2a,a,a% + a,aia,

+ daagty —af = 603, —al = 9u) 2123 Bosma—Lenstra Y5, Z5.

ZP=3X, XX\ Y, + X, Y )+ Y\ YA Y, Z,+ YV, Z) +3a, X7 X3

+a (2X, Yo+ Y, Xo) Y, Z,+ a2 X, ZoA2X, Y, + X, V) ACtua | |y, SI |de ShOWS

+a, X\ XY, Z,+ Y, 2Z,)

+ @ X, Y+ X YOX, Zy + X, Z,) P bl h Y/ P bl h Z/
XX, s+ ayay Xy Xo2X, Zy + X 7)) ublis ( 3)' ublis ( 3)’
+3a: X\ X3Z,+a, Y\ ZAY, Z,+2Y,2Z))
+2a.a. X, 2 Y, Z,+Y,Z,)

+2a,0, X, Y, Z, Z,+a X, Y.+ Xo ¥)) Z, Z,

b ay( X, Zy+ Xy Z WY, Zy+ Yo Z))

+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3

‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

where Publish introduces typos.
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+a X, Y1 Y, +(a;a,—3a.) X, X3 Y,

Y2Y,7Z, — (a2 —3a,) X2 X3

a,—a,a; 02X, Z,+ X, Z,) X, Y,
a,—2a,a,a,+3a3) X3 X, Z,

as—9aq) X\ XX\ Z,+ X, 7))

Lde—aa (X, 2, +2X,2,)) Y, 2,

11ae — 20 ayay+ dyas + 3asag—ay) X, Z( X, Z,+2X,2Z,)
10 — a3 ( X\ Z,+ X, Z WX\ Z,— X, Z )

‘1 —asa,a,+a,a,ai—a,a;+da,aas—ay—3asag) Y, Z, Z3
bag — aiaya, + 5atayag+ata,al —a ara,a, —a, a3 — 3a, aqaq
a; + aial—ayai+daiag—aja, —dagag) X, 72,73

Uy — A, d,0a, + 30, aya, + a5a3 — a,a;
Sa,—2a3as—3asay) X-Z3 7,

‘asag —araia, +atasa,+a asa;
Q230 — 20,0505+ ayaia,

A48 —as —baiag—ay—%al) Z1Z3,

X, Yyt Xo Y )+ Y, Y Y, Zat YaZ)) + 3a, X2 X2
2X,Y,+ Y, X,) Y,Zz+a:§X,Z;,(2X2 V,+X,Y,)

X\ XY, Z:+ Y52}

X, Y.+ X, Y (X Z,+ X, Z))
XiXoZo+aja X\ X,(2X\ Z,+ X, 2,)

3X1X‘;‘_Zl+a3Y122( Y\ Z,+2Y,7Z))

X LAY 2,4+ Y, Z))

Vs X Y\ 2 ZstaX, Y-+ XL, Y ) 2, 72,

X, Z,+ XsZ WY, Z,+ Y, Z))

ay+a,a,) X1 Z X\ Z,+2X,Z )+ ara, X, 22X, 2, + X, Z))
Y\Z\Z3+ (a5 +3a WY, Z,+ Y, Z)Z | Z,

22X, Z,+ X, Z ) 2, Z,+3a,as X\ 2\ Z;

1\ X\ Z,+2X,Z ) Z,Z, + (a3 + 3asae) Z1 7.

1995 Bosma—Lenstra:
Explicit complete system

of 2 addition laws
for long Weierstrass curves:
X3,Y3,23,X’,Y’,Z§
€ Zla1, a2, a3, a4, ap,
X1, Y1, Z1, X2, Y2, Z5].

My previous slide in this talk:
Bosma—Lenstra Y5, Z3.
Actually, slide shows

Publish(Y4), Publish(Z}),

where Publish introduces typos.

What th

For all fi
all P2 W
E/k:Y
X3 + as
d P1 =

Q
S
|

s P1 + .
at most



1995 Bosma—Lenstra: What this means:

D LENSTRA

a2 X, X3, Explicit complete system For all fields &

Tny of 2 addition laws . |

7. | all P2 Weierstrass
iz ic;r I;ngZWe)l(e/rs;c/rlas;curves: Elk:Y2Z + a1 X
arag—ai) X\ Zo( X, Z,+2X,2Z,)

X2~ X,Z,) 327 31 <3 13173 X3 + 02X22 + Qs
\a;+4a,a,as—ay—3asag) Y, Z, 73 E a ’a’ ,a’ ,a, ,a’ ’

ATd,a5 —d, Q20,04 — Qa3 — 3a,d4dg [Xl \3 23 ; ?/ Z a Pl p— (Xl Yl
—-(1§a4 —agag) X\ 7, Z%

L Y1 21 X, Y2 2] all Py = (X2 Y5
My previous slide in this talk: (X3:Y3: Z3)

a2y 2222, Bosma—-Lenstra Y/ Z.. . 57343
2}qzz+}gzl)+3al,\/§x§ . 3 IS P]_ —|— P2 or (O o
PNZARX Y 4 X T Actually, slide shows (X’ v Z’)

| . . 37343

4 Publlsh(Y’) Publlsh(Z’)

Za+ X, 2)) 3/ 3/ ' :
o is P+ P> or (0:

where Publish introduces typos.
at most one of the

+X,Y\) £, 24,

7))

2X.Z )+ a,a X, Z,(2X 2, + X5 Z )
.+ Y, 2 2, 2,

v 3a,a X\ 2, Z3

+ (a3 + 3asa,) Z3Z3.
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1995 Bosma—Lenstra:
Explicit complete system

of 2 addition laws
for long Welerstrass curves:
X3,Y3,23,X§,Y3’,Z§
€ Zla1, a2, a3, a4, ap,
X1, Y1, Z1, X2, Y2, Z5].

My previous slide in this talk:
Bosma—Lenstra Y5, Z3.
Actually, slide shows

Publish(Y4), Publish(Z}),

where Publish introduces typos.

What this means:

For all fields k&,

all P2 Wejerstrass curves
Elk:Y?Z +a1XYZ+ a3Y
X3 4+ apX?Z + as X Z? + a
a P1:(X1:Y1121)€E(
a PQZ(XQZYQZZQ)EE(

(X3:Y3:2Z3)

is PL+ P> or (0:0:0);
(X5:Y]: 23

is PL+ P> or (0:0:0);

at most one of these is (0 :



1995 Bosma—Lenstra:
Explicit complete system

of 2 addition laws
for long Weierstrass curves:
X3,Y3,23,X§,Y3’,Z§
€ Zla1, a2, a3, a4, ap,
X1, Y1, 21, X2, Y2, Z>].

My previous slide in this talk:
Bosma—Lenstra Y5, Z5.
Actually, slide shows

Publish(Y4), Publish(Z%),

where Publish introduces typos.

What this means:

For all fields k&,

all P2 Wejerstrass curves
E/k:Y?Z+a1XYZ+a3YZ? =
X3 4+ aoX%Z + as XZ% + agZ3,

all P; = (X1 Y7 Zl) - E(k),

all P, = (X2 Yo ZQ) - E(k):

(X3:Y3: 2Z3)

is PL+ P or (0:0:0);
(X5:]: 23

is PL+ P or (0:0:0);

at most one of these is (0: 0 : 0).



sma—Lenstra:
complete system

ition laws
Welerstrass curves:
7 I I I
-3,X3,Y3,Z3

ao, a3, a4, ag,
Yl,Zl,XQ,YQ,ZQ].

lous slide in this talk:
| enstra Y3’, Zé.
slide shows

Y3’) Publish(Zé),

ublish introduces typos.

What this means:

For all fields k&,

all P2 Wejerstrass curves
E/k:Y?°Z+a1XYZ+a3YZ? =
X3 4+ aoX%Z + agXZ% + agZ3,

all P; = (X1 Y7 Zl) - E(/C),

all P, = (X2 Yo ZQ) - E(k):

(X3:Y3:2Z3)

is P+ P> or (0:0:0);
(X5:Y]: 23

is PL+ P or (0:0:0);

at most one of these is (0: 0: 0).

2009 Be

For all fi
all P! x
X2T2—|—



tra:
Ssystem

SS CUrves.
/

4

a6,

, Y2, Z5].

in this talk:
=l

,Z3.

WS

sh(Zé),

oduces typos.

What this means:

For all fields k&,

all P2 Weierstrass curves
E/k:Y?Z+a1XYZ+a3YZ? =
X3 4+ aoX%Z + as XZ% + agZ3,

all P; = (X1 Y7 Zl) - E(k),

all P, = (X2 Yo ZQ) - E(k):

(X3:Y3: 2Z3)

is PL+ P or (0:0:0);
(X5:]: 23

is PL+ P or (0:0:0);

at most one of these is (0: 0 : 0).

2009 Bernstein—T

For all fields & wit
all P1 x P! Edwat
X?T2+Y2Z% =,
all P1, P, € E(k),
P = ((X1:Z1),(
P> = ((X2: 22),(

at most one of the
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What this means:

For all fields k&,

all P2 Wejerstrass curves
E/k:Y?°Z+a1XYZ+a3YZ? =
X3 4+ aoX%Z + ag XZ% + agZ3,

all P; = (X1 Y7 Zl) - E(/C),

all P, = (X2 Yo ZQ) - E(k):

(X3:Y3:2Z3)

is P+ P> or (0:0:0);
(X5:Y]: 23

is P+ P> or (0:0:0);

at most one of these is (0: 0: 0).

2009 Bernstein—T. Lange:

For all fields & with 2 # 0,
all P1 x P! Edwards curves
X2T24+Y2%272 = 72T2 + 4,
all P, P, € E(k),
Pr=((X1:21),(Y1:T1)),
P, = ((X2:22),(Y2:T5)):

(X3:2Z3)isz(PL+ P) or (
(Xé : Zé) isz(P; + P) or (
(Y3:73)is y(P1+ P») or ((
(Y5 : T3) is y(P1 + P2) or (C
at most one of these is (0 :




What this means:

For all fields £,
all P2 Weierstrass curves

E/k:Y?Z+a1XYZ+a3YZ? =

X3 4+ aoX%Z 4+ as XZ% + agZ3,
a P1:(X1 Y7 :Zl)E E(k),
a PQZ(XQ Yo :ZQ)E E(k):

(X3:Y3: 2Z3)

is PL+ P> or (0:0:0);
(X5:]: 23

is P+ P or (0:0:0);

at most one of these is (0: 0 :0).

2009 Bernstein—T. Lange:

For all fields £ with 2 #£ 0,
all P! x P! Edwards curves E/k :
X2T?2 4+Y27%2 = 7272 4 dX2Y?,
all P1, P> € E(k),

P =((X1:21),(Y1:T1)),
P, = ((X2:2Z2), (Yo :T5)):

(X3 :Z3)is (P + P>) or (0:0);
(Xé : Zé) isz(P; + P) or (0:0);
(
(

at most one of these is (0 : 0).



IS means:

elds &k,
[elerstrass curves

27 + a1 XY Z 4+ a3YZ? =

X2Z 4+ agXZ% + agZ3,
(X1 Y7 Zl) - E(/C),
(X2 :Yr: Zo) € E(k):

one of these is (0 : 0: 0).

2009 Bernstein—T. Lange:
For all fields £ with 2 #£ 0,

all P! x P! Edwards curves E/k :
X2T21Y272 = 7272 4 dX?%Y?

all P, P, € E(k),
PL=((X1:21),(Y1:T1)),
P, = ((Xa: Z2), (Ya: T2)):

X3 :23)isz(P1+ P) or (0:0);
X5 :2Z3)is z(P1 + Pa) or (0:0);

(

(

(Y3 : T3) IS y(Pl —+ P2) or (O ; O);
(Y5 : T3) is y(P1 + P2) or (0:0);
at most one of these is (0 : 0).

X3 =X
L3 = £
Y3=Y1
I3 =24

X5 =X

Much, n
Lange—F
Also mu



curves

YZ +a3YZ% =
XZ?% +agZ3,
Zl) - E(/C),
Zo) € E(k):

0 : 0);

0: 0);
se is (0:0:0).

2009 Bernstein—T. Lange:
For all fields £ with 2 #£ 0,

all P! x P! Edwards curves E/k :
X2T2 1Y272 = 7272 4 dX?Y?

all P, P, € E(k),
PL=((X1:21),(Y1:T1)),
P, = ((Xa: Z2),(Ya: T2)):

(X3 :2Z3)is (P + P>) or (0:0);
(Xé : Zé) isz(P; + P) or (0:0);
(
(

at most one of these is (0 : 0).

X3 = X1YoZoT1 4
L3 = £L145717T7 +
Y3 =Y1Y2Z14) —
T3 = 2145117, —

Xé = X1Y1Z4> 7> +
Zé = X1 XoT175
Y = XiY1Z,T —
Té = X1Y2Zo 1 —

Much, much, muc
Lange—Ruppert, B
Also much easier 1



0 : 0).

2009 Bernstein—T. Lange:
For all fields £ with 2 #£ 0,

all P! x P! Edwards curves E/k :
X2T21Y272 = 7272 4 dX?%Y?

all P, P, € E(k),
PL=((X1:21),(Y1:T1)),
Py = ((X2: 2Z2),(Y2: T2)):

(X3 :Z3)is z(P; + P>) or (0:0);
(Xé : Zé) is z(P; + P>) or (0:0);
(
(

Y3:73)is y(Pr+ P2) or (0:0);
Yy :T3) is y(P1+ P2) or (0:0);
at most one of these is (0 : 0).

X3 =X1YoZLoT1+ XoY1 1]
L3 = L12>T17To + dX1XoY7
Y3 =Y1Y2Z1Zy — X1 XoT1 T
I3 =2124oT1T7» — dX1X2Y]

Xé = X1Y1Z4o1> + XoYo /11
Zé = X1 Xol1T> +Y1Yo 1L
Y3’ = X1Y1Z4oTy — XoYo 1T
Té = X1Y24oT1 — XoY1 41T

Much, much, much simpler
Lange—Ruppert, Bosma—Len
Also much easier to prove.



2009 Bernstein—T. Lange:
For all fields £ with 2 #£ 0,

all P! x P! Edwards curves E/k :
X2T2 1Y272 = 7272 4 dX?Y?

all P, P, € E(k),
PL=((X1:21),(Y1:T1)),
Py = ((X2: 2Z2),(Y2: T2)):

X3:23)is (P + P) or (0:0);
X5 :2Z3)is z(P1 + P) or (0:0);

at most one of these is (0 : 0).

X3 = X1Y2Z4oT1 + XoY1£1 1),
L3 = L1411 7T) +dX1XoY1Y),
Y3 =Y1YoZ14y — X1 X211 1),
T3 = 21245717 —dX1XoY1Y2,

X5 = XiV122Ty + XoYo Z1 11,
Z5 = X1XoT1 Ty +Y1YaZ1 25,
Y; = X1Y12Z2Ty — XoYaZ1 Ty,
Té = X1YoZo 1 — XoY1Z11>5.

Much, much, much simpler than
Lange—Ruppert, Bosma—Lenstra.
Also much easier to prove.



rnstein—T. Lange:

elds & with 2 # 0,

P! Edwards curves E/k -
Y272 = 72T2 L dX?2Y?

» € E(k),
X1:21),(Y1:T1)),
Xo : Z2), (Y2 : T2)):

) is (P + P) or (0:0),
)isz(PL+ P) or (0:0);

is y(PL+ F2) or (0:0);
) is y(Pr + P>) or (0:0);
one of these is (0 : 0).

X3 = X1Y2ZoT1 + XoY1£1 1),
L3 = L1411 7T) +dX1XoY1Y),
Y3 =Y1YoL14y — X1 X111,
I3 = 212117y — aX1X2Y1Y2,

X5 = X1Y1Z2T2 + XoYa Z1 Ty,
Z5 = X1 XoT1Ta + Y1YoZ1 29,
Y; = X1Y122T2 — XoYa 2171,
Té = X1YoZo 1 — XoY1Z11>.

Much, much, much simpler than
Lange—Ruppert, Bosma—Lenstra.
Also much easier to prove.

236
From [5,-
are given by

f=2

where

Applying th
find that



Lange:

h2+£0,
ds curves E /k :
72T2 1 dX2Y?2

Y1:7T1)),
Yo 1 T2)):
+ P>) or (0:0);
+ P>) or (0:0);

- P>) or (0:0);
- P2) or (O : O);
se is (0 : 0).

X3 = X1Y2Z4oT1 + XoY1£1 1,
L3 = L1411 7T) +dX1XoY1Yo,
Y3 =Y1YoZ14y — X1 X211 1),
T3 = 21245717 —dX1XoY1Y2,

X5 = X1Y122Tr + XoYa Z1 Ty,
Z5 = X1 XoT1To +1Y2Z1 25,
Yy = X1Y12Z2To — XoYaZ1 Ty,
Té = X1YoZo 1 — XoY1Z11>5.

Much, much, much simpler than
Lange—Ruppert, Bosma—Lenstra.
Also much easier to prove.

236 BOSMA ANL
S. EXPLICIT

From [ 5, Chapter III, 2.3] it follow
are given by

X, Z,+ X,Z,

f=A+a i— 77 —a
where
A= ViZ,— Y2, and
) XIZ?__Xzzi

Applying the automorphism of E x E
find that

s (X/Z)=K'+a K-

and

s¥Y/Zy=—(k+a
where
N2+ Va7,
X,7
and
Y, Xo+ Y, X,
K= X,z

The bijection of Theorem 2 maps (!
X(_}” = fZq, Y‘gn =gZ,, ZY\' =7, W
given by

XV =(X, Y, — X, Y (Y, Zy+ Vs
va, X, Xa(Y,Z,— Y Z )+
X KX\ Zy— X Z )+
vad X, Z,~ X2 Z WY, Z, -
Al X, Z2+ X2 Z )X, Z, -

304X, Zy— XZ )2\ 7>



E/k :
X2y 2

0:0);
0:0);
) : 0);
) : 0);

X3 = X1Y2ZoT1 + XoY1£1 1),
L3 = L1411 7T) +dX1XoY1Y),
Y3 =Y1YoZ1Zy — X1 X211 1),
T3 = 212457172 — dX1X2Y1Y2,

X5 = X1Y12>T> + XoYoZ1T71,
Zh = X1 XoT1To +Y1YoZ1 25,
Yi=X1Y12Z>To — XoYoZ1T7,
Té = X1YoZoT1 — XoY1Z11>.

Much, much, much simpler than
Lange—Ruppert, Bosma—Lenstra.
Also much easier to prove.

236 BOSMA AND LENSTRA
5. ExPLICIT FORMULAE

From [5, Chapter III, 2.31 it follows that f=m*(X/Z) and g
are given by

. o] A XZ?+X32 " .
f=~tai- r é > = —a,, g=—(A+a}f—v
1 L2
where
Y Z,-Y,Z, Y, X,-Y,X,
A= and V= — .
X\Z,-X,7, X\ Z,-X,2Z,

Applying the automorphism of E x E mapping (P,, P;) to (P
find that

s*(X/Z)=Kr*+ax _h ZETZ/Z/EZI —d,
and
s¥Y/Z)= —(k+a,)s¥MX/Z)—p —a,,
where
o Y\ Z.+ Y. 7 +a X2, ‘a2, 2,
X, 7Z,—X,Z,
and
Y Xod+ VX +a, X Xs+a:X, 2,
= X, Z, - X7, |

The bijection of Theorem 2 maps (0:0:1) to the addition I
XM=z, Y\ =gZ, Z'\'=Z, which in explicit terms is
given by

X=X, Vs XY WY Zy4 Y, Z) 4+ (X Zy— X2 Z)) Y, Y
b a X XY Z— Y Z ) +a (X Y= X, V)X, 2 A
X XX Z— K Z N+ X, Y= X, V) 2, 2,
rad X, Zo~ X2 Z WY, Z,+ Y, 7))

—af X, Za+ XsZ (X, 22— Xo Z))

""3(!(,(X|ZZ—X221)Z]Z?_,



X3 = X1Y2Z4oT1 + XoY1£1 1,
L3 = L1411 7T) +dX1XoY1Yo,
Y3 =Y1YoZ14y — X1 X211 1,
T3 = 21245717 —dX1XoY1Y2,

X5 = X1Y12Z>T> + XoYoZ1T71,
Zh = X1 XoT1To +Y1Y2Z1 25,
Yi=X1Y1Z>T> — XoYoZ1T7,
Té = X1YoZoT1 — XoY1Z1 1>,

Much, much, much simpler than
Lange—Ruppert, Bosma—Lenstra.
Also much easier to prove.

236 BOSMA AND LENSTRA
5. ExXpPLICIT FORMULAE

From [ 5, Chapter II1, 2.3] it follows that f'=m*(X/Z) and g=m*(Y/Z)
are given by

R X, Z.+X,2Z . _
f=i+a 41— i é > 1 a,, g=—(A+a)f—v—~a;.
142
where
Y(ZZ_Y‘)Zl Y[XZ_YZXI.
A= g and V= — .
X\ Z,— X 72, X\ Z,-X,Z,

Applying the automorphism of K x E mapping (P, P,) to (P,, —P;) we
find that

s (X/Z)=K'+a Kk — af Zéfzfzzl — s
and
s¥Y/Z)y= —(k+a,)s¥X/Z)—p—ua,
where
o Y\ Z.+ Y. 7 +a, X2, v+a 2L, 2,
X, Z.—X-Z,
and

Y, Xo+ VoX, +a, X, Xs+a: X, 2,
(= — .

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
XM =fZ,, YV =gZ, Z\'=Z,, which in explicit terms is found to be
given by

X = (X, Yo Xo Y WY, Zy+ Vo Z )+ (X 2y~ X2 Z,) Y Y
4 a, X XY, Zy— Yo Z ) +a (X, Y= X, YU X 2o+ X, Z,)
X KX\ Zy— Ko Z )+ ad X, Y X, V) Z, 2,
vad X, 2o~ X2 Z WY\ Z,+ Y, Z)
Al X, 72+ X Z VWX Zs— X2 Z )

~3ag X, Z,— X-Z\) 2\ Z,,



1YoZoT1+ XoY1£1 7>,
ZoT17Ty +dX1XoY1Y),
0 L14y — X1XoT1 712,

LoT17Ty —dX1XoY1Y2,

(Y1421 + XoYo L1171,
XoT1T2 +Y1Yo L1 4,
Y1ZoTy — XoYo 2114,
Yolol1 — XoY1Z1 1>

wuch, much simpler than
\uppert, Bosma—Lenstra.
ch easier to prove.

236 BOSMA AND LENSTRA
5. ExPLICIT FORMULAE

From [ 5, Chapter 111, 2.3] it follows that f=m*(X/Z) and g =m*(Y/Z)
are given by

N X\ Z.+ X2 \ .
=i +ar— ! é > = '—a:, g= —(A4a)f—v—~ua,.
142
where
Y(22_szl Y[XZ_Y:;X[
A= and V=
X\ Z,.-X,72, X\ Z,—-X,Z,

Applying the automorphism of Ex E mapping (P,, P,) to (P, —P;) we
find that

S (XIZ)=r2+a,k ~&%§£l*612
and
s¥Y/Z)= —(k+a,)s¥MX/Z)—p —a,,
where
o Y\ Z.+ Y. 7 +a X2, ‘a2, 2,
X, 7Z,—X,Z,
and
Y Xod+ VX +a, X Xs+a:X, 2,
A= X\ Z, - X.Z, |

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
XV=sZ,, Y\ =gZ, Z'\'=2Z,, which in explicit terms is found to be
given by

XU = (X, Yo Xo YWY, Zo4 Y, Z )+ (X 2y~ X2 Z) Y Y
G a, X XA Y, Z— Y2 Z )+ a (X, Y= X, Y )X 2+ X, Z,)
K XA K Z— X Z )+ a X Y= X, Y Z, 2,
ras( X, 22~ X Z WY\ Z+ Y, Z))

Al X, 7 X Z WX Za— X Z))

""3(!(,(X|ZZ—X221)Z]Z?_,

Y= —3:
-Y
+ {a
—(a
+(a
—{2
+ a,
+ (a
+ (d
+1{3
ZV=3x,.
+ a,
+ da;
+ d,

The correspon
E 1s exception

Multiplying
addition law ¢

Xff’ =Y, Y,
—ay X,
+da ay
—ay X
~dla,
—ayds
— 3agl -
— 3a,l -
—3a,a
—(aia,
- (afae
—ay X

—(af(l



- XoY1Z£1 1>,
-dX1X2Y1Y2,
X1Xo2T17T2,
dX1X2Y1Y2,

- XoYo 2114,
-Y1Y2 214,
XoYoZ111,
XoY1Z115.

h simpler than
osma—Lenstra.
‘0 prove.

236 BOSMA AND LENSTRA
5. ExXpPLICIT FORMULAE

From [ 5, Chapter II1, 2.3 it follows that f'=m*(X/Z) and g=m*(Y/Z)
are given by

L 43 . X2+ X, 24, - :
f=i+a 41— é > — d,, g=—(A+a)f—v—~a;.
142
where
Y Z,-Y,Z, Y X; =Y, X,
A= and V= —
X\ Z,— X, 7, X\ Z,-X,Z,

Applying the automorphism of Ex E mapping (P, P,) to (P, —P;) we
find that

s¥(X/Z) :h‘2+(z]h'~X'22 T2, —d,
' VAV
and
s¥Y/Z)y= —(k+a,)s¥X/Z)—p—ua,
where
o Y\ Z.+ Y. 7 +a, X2, v+a 2L, 2,
X, Z.—X,7Z,
and
Y Xo+ LX +a, X\ Xs+a. X, 2,
a A 2 |

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
X =fZ,, YV =gZ, Z.\'=Z,, which in explicit terms is found to be
given by

XV =(X, Y= Xo Y WY, Zo+ YV Z) (X 2, - X2Z) Y, Y,
+a, X, XY\ Zo— Yo Z ) +a (X Yo X, Y U X Zy+ X, Z)
X KX\ Zy— Ko Z )+ ad X, Y- X, V) Z, 2,
rad X, Z,~ XoZ WY\ Zy+ Y, Z))

Al X, 2+ XaZ WX Zy— X, Z)

~3ag X, Z,— X-Z\) 2\ Z,,

COMPLETE SYSTEMS Ol

Y= —3X, X(X, Y,— X, 7))
- Y Y\ Y,Z,—-Y,Z,)—-2a\
+l{ai+3a) X\ X, (Y, Z,—- Y,
—(ai+a (X, Yo+ X, Y))(X,
+(ayay,—3a;) X, Xo( X Z,—.
—2aa;+a, X, Y, X, Y))
+a X\ Z,+ X, Z NY  Z,— ]
+(ayay—aa (X, 2.+ X, Z,
+(a3+3a WY, Z,— Y, Z)) Z
+(3a,aq —aa, XX\ Z+— X7

ZV=3X XAX\Z,- X, Z})— (Y, Z
fa X, Y.— XY ) Z,Z,—a
+a X\ Z,+ X, Z WX, Z,— A
S P VAT CVAR N AVAY

The corresponding exceptional divisor 1
F is exceptional for this addition law if

Multiplying the addition law just

addition law corresponding to {0:1:0).

XP =Y, Yo(X, Yo+ X, Y) +a,(2X, ¥,

— - X/ XX, Y, + X, Y))—aa,
+a,a- X\ XY, 2, - Y, Z))—a,
Cd X, XA Y, Zo 4 Vo Z,) —ag(X
—ara; X1 X7, —aa, X, X,(2X,
—tya X\ X3Z, —a3lX,Z,(2Y, 2
—3a, X, Y.+ X, Y 2,2,

34 (X, Za+ Ko Z WY, Zy+ Y
—3a4. X\ ZA X\ Z,+2X 7)) +
—(dag—a,aza,+ araz + dasa
—(@ldg—atasa, +a,a.a; +4a,
—ai X\ Zy+ X, Z ) 2, Zy— 3as¢

2 2 3
—((11(13(16—(1103&4-{-(12613 +4(12‘
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236 BOSMA AND LENSTRA
5. ExPLICIT FORMULAE

From [ 5, Chapter 111, 2.3] it follows that f=m*(X/Z) and g =m*(Y/Z)
are given by

) X Z,+ X2 \ .
=i +ar— ! é > = '—a:, g=—(A+a}f—v—-ua;.
142
where
Y Z,— Y. Z, Y X, — Y. X,
A= and V=
XlZ?__X?_Zl X]Z?,_XEZI

Applying the automorphism of Ex E mapping (P,, P,) to (P, —P;) we
find that

S (XIZ)=r2+a,k ~—/‘iﬂ'—§—2i~/zz—z~l*az
ZIZZ
and
s¥Y/Z)= —(k+a,)s¥MX/Z)—p —a,,
where
o Y\ Z.+ Y. 7 +a X2, ‘a2, 2,
X, 7Z,—X,Z,
and
Y Xod+ VX +a, X Xs+a:X, 2,
= X, Z, - X7, |

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
XV=sZ,, Y\ =gZ, Z'\'=2Z,, which in explicit terms is found to be
given by

XV =(X, Y, X, YWY, Z,+ V. Z)+ (X Z, - X, Z) Y, Y,
b a X, XY\ Z— YaZ ) +a (X Yo X, Y X 2+ X, Z)
X XX\ Z— XaZ )+ ay X, Y= X, V) 2, 2,
fa (X, 2~ XoZ WY\ Zo+ Y, Z))
) X, 2o+ X2 Z WX\ Zy— X Z))

""3(!(,(X|ZZ—X221)Z]Z?_,

thy __
Y\ =

COMPLETE SYSTEMS OF ADDITION LAWS

—3X, X,(X,Y,—-X,Y))
- Y\ YAY,Z,—- Y, Z,)-2a/(X,Z,— X,Z,)Y, ¥,
+{ai+3a,) X\ Xo(Y\ Z,— Y, Z,)
—(@+ WX, Y+ XY (X 2~ X, Z,)
+(ayay—3a;) X\ Xo( X\ Z>— X, 2Z,)
—2a,ay+a WX, Y, —X. Y Z,Z,
+ad X\ Z, + X, Z WY\ Z,— Y, Z))
+{a,ay—aa WX, Z.+ X, Z WX Z,— X, Z,)
+(ai+3a N\ Z. - Y, 22, Z,

+3a,aq —ara X\ 2, — X, 2)) 2, 2,5,
Z;l)=3X|X2(.X|ZE—XEZI)‘(Y]ZZ‘{'_ Y::Z])( YIZZ_ Y:Zl)

X,Z WY, Z1+

+a X\ Z.+ X, Z WX\ Z,— X, Z\)—a( Y \Z,—Y,Z,)

+(‘4(X1.Zz_

X, Z)Z,Zs.

The corresponding exceptional divisor is 3 - 4, so a pair of points
E is exceptional for this addition law if and only if P, = P,.

Multiplying the addition law just given by s*(Y/Z) we c
addition law corresponding to (0:1:0). It reads as follows:

XP =Y, VX, Yo+ X, V) +a,(2X, Y+ Xo V)Xo Y a7 X X

— X\ XX, Y+ XY ) ~aa X XS+ a. XY (Y 2+
+a,a: X\ XY\ Z, - Y, Z))—a,a( X, Y5+ X,V WX, 2, —
—ay X\ Xy Y\ Zy+ Yo Z ) —as( X\ Y, + X YV WX £, + X 2
~a XX, Z,—a,a, X\ Xy(2X, Z, + XL Z )

—ayas X\ X322, —a3i X, Z,(2Y,Z, + Y\ Z,)

—3ay X\ Y.+ X, Y ) 2,2,
—3a( X\ Zy+ X Z WY\ Zs+ YaZ))—a a3 X, Z(X, 25+
~3a,a4 X\ ZA X\ Z5s+2X-Z )t aja X 2, —2X.Z )X, 7
—(af(l(,—alc13(14+aza_§+4(12a(,—ai)( Y. Z.+Y,Z,)Z,Z

3 2 2 2 2
—(alag—aiasa, +a a-a; +dayaya,—ayay) X, Z, 723

—a( X\ Z,+ X, Z ) 7, Z,—3a a4 X, Z,+ 2X, 2 ) Z, Z,

2 2 3 2y F272
—(ajasa,—a,aza,+ a,ay+da,azya, —azay) L1 25,
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From [ 5, Chapter II1, 2.3] it follows that f'=m*(X/Z) and g=m*(Y/Z)

are given by

BOSMA AND LENSTRA

5. ExXpPLICIT FORMULAE

COMPLETE SYSTEMS OF ADDITION LAWS 237

Y= —3X, X(X, Y,— X, 7))
- Y\ Y)Y, Z,-Y,Z,)-2a(X,Z,—X,2Z,) Y, Y,
+{ai+3a) X\ Xy(Y\ Z,— Y, Z,)
—(ar+a N X, Y+ XY (X, Z, - X, Z)
+(aya,—3a;) X, Xo( X 2, - X, Z))
—(2aa;+a X, Y,—X-Y ) 2,2,
+a X\ Z,+ X, Z WY\ Z,— Y. Z,)
+{ayay—aa WX\ Z-+ X, Z WX Z,— X, 2 )
+(az+3a Y, Z,— Y, Z)Z,Z,
+(3a,aq —aa XX\ Z,—X-2Z\)Z, Z,,
ZV=3X XX\ Z, - X, 2V (Y\Z,+ Y. ZNY, Z,—-Y,Z))
+a X\ Y. -XY)Z,Z,—a( X\ Z,— X, Z WY, Z-+ Y. Z))
+a X\ Z,+ X, Z WX\ Z,— X, Z)—a\Y 2, - Y, Z,)Z,Z,
+a X\ Z,— X, Z\VZ,\ Z5.
The corresponding exceptional divisor is 3 - 4, so a pair of pomnts P, P, on
F is exceptional for this addition law if and only if P, = P,.

Multiplying the addition law just given by s*(Y/Z) we obtain the
addition law corresponding to {0:1:0). It reads as follows:

XP =Y, Y (X, Y4 X, Y ) +a,(2X, Y,+ X, Y XY +ai X, X3 Y,

_f'=).3—+—a|,l—XiZZzTZJZ/BZI —d,, g=—(A+a)f—v—ua;,
where
)“:Y,ZZ—YZZl and V:_Y[XZ—YZXI.
X\ Z.—X.7Z, X, Z,—-X,Z,
Applying the automorphism of K x E mapping (P, P,) to (P,, —P;) we
find that
.x'*(X/Z):h‘2+(z,h‘~X'ZE+Xzzl*az
' YAV
and
s¥Y/Z)y= —(k+a,)s¥X/Z)—p—ua,
where
o Y\ Z.+ Y. 7 +a, X2, v+a 2L, 2,
X, Z.—X,7Z,
and
Y Xo+ LX +a, X\ Xs+a. X, 2,
a A 2 |

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
XM =fZ,, YV =gZ, Z\'=Z,, which in explicit terms is found to be
given by

X = (X, Yo Xo Y WY, Zy+ Vo Z )+ (X 2y~ X2 Z,) Y Y
4 a, X XY, Zy— Yo Z ) +a (X, Y= X, YU X 2o+ X, Z,)
K KX\ Zy = XaZ )+ a X Y= X,V 2,2,
vad X, Zo— X, ZWY, Z,+ Y, 7))
Al X, 72+ X Z VWX Zs— X2 Z )

~3ag X, Z,— X-Z\) 2\ Z,,

— X XX Y+ XY ) ~aa, X XS+ a: XY (Y 2,4 2Y,7)
+a,a:. X\ X5V Z,— Y, Z)—aa( X, L, + X, Y WX, 2, - X, Z,))
—a, X, XA YV, 2,4 Y, Z)) —a X, Y, + X, Y HNX 2, + X, 2Z))
—~a: X1 X7, —a,a, X, X;2X,Z.+ X, Z))

—ayas X\ X3Z,— a3 X, Z,(2Y,Z, + Y, Z,)

—3ay X\ Y+ X, YY) 2,2,

—3a( X\ Zy+ X, Z WY\ Zy+ Yo Z ) —a,ai X\ ZH X, Z,+ 2X, 7))
—3a,a4 X\ Z X\ Z5+2XZ )t ava X 2, -2X,Z )X, Z,
—(af'a(,—alcha4+aza_§+4(:2a(,—ai)( Y. Z.,+Y,Z))Z,Z,
—(alag—alasa, +a axa; +dayayay—aya) X, Z, 73

—a{ X\ Zy+ X Z ) 2, Zy—3aa X\ Z,+ 2X, 2 ) 2, Z,

2 2 3 2 272
—(aiaa,—aasa,+ a,ay +da,aya, —ayay) L1725,



BOSMA AND LENSTRA
5. ExPLICIT FORMULAE

Chapter II1, 2.3] it follows that f =m™*(X/Z) and g =m*(Y/Z)

I 1Za+ X = —(A4+a,)f—Vv—~u
cd — —d,, = — (A — -
|ﬁ. ] 3
112‘2 )221 ll‘kl }Z‘ii[
A—___ﬁ....__"r.._ and V= —e—o—— =

e automorphism of E x E mapping (P, P;) to (P, —P;) we

X, 2+ X.2Z,

s (X/Z)=K"+a K — élzz

*az

$(Y/Z)= —(k +a,) s*(XIZ) —p —as,

_ Y]Z:}_"_ Y?_Z|+a]X221 +a3ZIZZ
B X, Z,—X,Z,

Y, Xy+ Vo X, +a, X, Xo+a: X, Z,

H=-

n of Theorem 2 maps (0:0:1) to the addition law given by
Y\"'=gZ,, ZY'=2Z,, which in explicit terms is found to be

Y XYY\ Zo+ Yo Z )+ (X, Z,— X, Z) Y, s
A X, Xo( Y, Zy— YaZ )+ a (X, Yo— o Y UK\ Zs+ X5 Z)
X XX\ Zy— X ZV+an X, Y — X, Y1) Z, 2,
4 X, 2~ X2 Z WY, Zy+ Y, Z))
A X, Z2+ X2 Z WX\ Zy— X Z))

3ad X, Z,— X-Z ) 2, Zs,

COMPLETE SYSTEMS OF ADDITION LAWS 237

Y= —3X, X,(X, Y, - X,Y))
- YWYAYZ, - Y, Z))-2a/(X,Z,—X,Z,)Y, Y,
+{ai+3a) X\ X (Y, Z,— Y, Z,)
—( @i+ A X, L+ X Y O(X 2, - X, 7))
+i{aya,—3a) X, XA X 2, - X,2Z,)
—2a,a,+a )X, Y,— XY Z,Z,
+a X\ Z,+ Xy, Z WY 2, — Y, Z))
+a,ay—aa X, 2+ X5, Z N X, Z,— X, 2Z))
+(az+3a Y\ Z,— Y. Z)Z,Z,
+{3a,a— a0 N X\ Z:— X2 ) Z, Z,,
ZV=3X XX\ Z,- X, Z)V—(Y\Z,+ Y. ZNY,Z,—-Y.Z))
+aX,\ Y, - X, Y2, Z,—a( X\ Z,— X, Z\NY 2.+ Y,Z))
+a X, Z.-+ X, Z X\ Z,— XsZ))—a( Y \Z, - Y, Z\) £ 2,
+d X\ Z:— X, Z) 2, Z,.
The corresponding exceptional divisor is 3 - 4, so a pair of points P, P, on
E is exceptional for this addition law if and only if P, = P,.

Multiplying the addition law just given by s*(YZ) we obtain the
addition law corresponding to (0:1:0). It reads as follows:

X =V, VX, Y24+ X, Y ) +a,2X, Y.+ X, Y XL, Y +a7 X, X3 Y,
— X\ XX, Y+ XY ) ~aya, X X +a. X, Y (Y Z,42Y,2)
+a,a: X\ XY\ Z, - Y, 2 )—aa( X, Y-+ X, Y\ WX, 2, — X, Z,)
—a, X\ X5 (Y 2,4+ Y, Z))—al X\ Y+ XY VWX 2+ X, 2Z))
~a XX, Z,—a,a, X\ Xy(2X, Z, + XL Z )
—ayas X\ X322, —a3i X, Z,(2Y,Z, + Y\ Z,)
—3ay X\ Y.+ X, Y ) 2,2,
—3a( X\ Zy+ X, Z WY\ Zy+ Yo Z ) —a a3 X, Z,(X, Z,+ 2X,Z))
—~3a,a4 X\ ZA X\ Z5+2X-Z )t asad X 2, —2X.Z )X, 7,
—(af(l(,—alc13(14+aza_§+4(12a(,—ai)( Y.Z.+Y,Z,)Z,Z,
—(alag—aiasa, +a a-a; +dayaya,—ayay) X, Z, 723
—a( X\ Z,+ X, Z ) 7, Z,—3a a4 X, Z,+ 2X, 2 ) Z, Z,

2 2 3 2y F272
—(ajasa,—a,aza,+ a,ay+da,azya, —azay) L1 25,

Y@ =ry

+4a

+4a
+ 4a
7P =3X, 2

+(ll|
+ a;y
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s that f=m*(X/Z) and g=m*(Y/Z)

. g=—(A+a)f—v—ua;,

Y. X.— Y. X,
X, Z,— X,Z,

V=

“mapping (P, P,) to (P, —P;) we

‘(Ilezl +(132122
—X,Z,

va, X\ Xot+a: X, Z,
..?:)_AX:zZl .

0:0:1) to the addition law given by
hich in explicit terms is found to be

2V 4+ (X, Zy— X2Z) Y, s
a (X, Y= Xo YO X\ 22+ X2 Z))
al X\ Vs XY Z,Z,

- Y,Z))

‘Xzzl)
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Y= —3X, X(X, Y,— X, 7))
- Y\ Y)Y, Z,-Y,Z,)-2a(X,Z,—X,2Z,) Y, Y,
+lat+3a) X\ X,(Y\ Z,— Y, Z))
—(ar+a N X, Y+ XY (X, Z, - X, Z)
+(aya,—3a;) X, Xo( X 2, - X, Z))
—(2aa;+a X, Y,—X-Y ) 2,2,
+a X\ Z,+ X, Z WY\ Z,— Y. Z,)
t+(ayay—aa WX, Z-+ X, Z )X, Z,— X, Z))
+(ai+3a Y\ Z,—Y,Z) 2, Z,
+(3a,aq —aa XX\ Z,—X-2Z\)Z, Z,,
ZV=3X XX\ Z, - X, 2V (Y\Z,+ Y. Z WY, Z,—-Y.Z))
+a X\ Y. -X,Y)Z,Z,—a( X\ Z,— X, Z WY, Z-+ Y. Z))
+a( X\ Z,+ X, Z WX\ Z,— X Z ) —a\Y 2, —- Y, Z,)Z,Z,
+a X\ Z,— X, Z\VZ,\ Z5.
The corresponding exceptional divisor is 3 - 4, so a pair of pomnts P, P, on
F is exceptional for this addition law if and only if P, =P,.
Multiplying the addition law just given by s*(Y/Z) we obtain the
addition law corresponding to {0:1:0). It reads as follows:
X =V, VX, Yo+ X, V) +a)(2X, Y, + X, YV XL Y +ai X, X3 Y,
— X XX Y+ XY ) ~aa, X XS+ a: XY (Y 2,4 2Y,7)
+a,a:. X\ X5V Z,— Y, Z)—aa( X, L, + X, Y WX, 2, - X, Z,))
—a, X, XA YV, 2,4 Y, Z)) —a X, Y, + X, Y HNX 2, + X, 2Z))
—~a: X1 X7, —a,a, X, X;2X,Z.+ X, Z))
—ayas X\ X3Z,— a3 X, Z,(2Y,Z, + Y, Z,)
—3ay X\ Y+ X, YY) 2,2,
—3a( X\ Zy+ X, Z WY Zy+ Yo Z ) —a,ai X\ ZH X, Z,+ 2X,Z))
—3a,a4 X\ Z X\ Z5+2XZ )t ava X 2, -2X,Z )X, Z,
—(alae—a aza,+ araz +dayae—a N Y\ Z,+ Y, Z) Z, Z,
—(alag—alasa, +a axa; +dayaya,—aya) X, Z, 73
—a{ X\ Zy+ X Z ) 2, Zy—3aa X\ Z,+ 2X, 2 ) 2, Z,

2 2 3 2 272
—(aiaa,—aasa,+ a,ay +da,aya, —ayay) L1725,
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Y =Y1Yi4+a, X,Y Y, +(a,a,—
+a,YIY,Z,—(a5—3a,) X7)
+(aa,—a,a)(2X, Z,+ X, Z
+(ala,—2a,a,a;+3a2) X X
—(a,a,—9a) X\ X5( X 2, + .
+ (3a,a, —aza (X, Z,+2X,.
+(3aiae — 2a,aya5 + aral + 3
—{3(12a6—ai)(X122+X221)(
+(aja,—arasa,+a,a,a; —a
+(atas—alaya, + Satayaq+
—ajai+aial —ayal+4aza,
+{adaya,—a,ayaa4 + 3a, ay
+daia,—2a3a, —3asa) X, Z
+{@lara,—atala, +atasa,-
+4da,d,aza, — 2a,a,a% + a,a’
+da,a,a,—at—6aia,—a; —

Z2=3X, Xy X, Yot Xy Y )+ ¥, Yl
Fa (2K, Y+ Y, X)) Y, 7, F
O X\ XAV Zy+ Yo Z))
(X, Yo+ Xy Y (X, 2, + X
+ai XiX,Z,+a a, X X5(2X,
V3a, X, X3Z, +a, Y, Zy( Y, Z
+2a,a: X, Z,(Y,Z,+Y,Z,)
+2a,a. X, Y\ Z,\Z,+a,X, Y,
b ag( X, Zy+ XoZ WY, Zy+ ¥
+(atas+ayay) X\ Z,( X, Z,+
+aiY\Z,Z5+ (a3 +3ag)( Y, 2
+a,a32X,Z,+ X, Z ) 2, Z, -
+aia,( X, Z,+2X,2)Z,Z,-



=m*(Y/Z)

*Cl;.

'w given by
found to be

[

- X,Z))

COMPLETE SYSTEMS OF ADDITION LAWS 237

Y= —3X, X,(X, Y, - X,Y))
- YWYAYZ, - Y, Z))-2a/(X,Z,—X,Z,)Y, Y,
+{ai+3a) X\ X (Y, Z,— Y, Z,)
—( @i+ A X, L+ X Y O(X 2, - X, 7))
+(a,a,—3a) X\ Xo( X, Z,— X, 2Z))
—(2aa;+a, WX, Y,—X,Y )2, 2,
+a X\ Z,+ Xy, Z WY 2, — Y, Z))
+a,ay—aa X, 2+ X5, Z N X, Z,— X, 2Z))
+(az+3a Y\ Z,— Y. Z)Z,Z,
+{3a,a— a0 N X\ Z:— X2 ) Z, Z,,
ZV=3X XX\ Z,- X, Z)V—(Y\Z,+ Y. ZNY,Z,—-Y.Z))
+a X\ .- XYV Z,Z,—a( X\ Z-— X, Z NY,Z,+Y,Z))
+a{ X\ Z-+ X, Z (WX Z,— X, Z\)—a{ Y\ 2, - Y, Z\)Z,Z,
+d X\ Z:— X, Z) 2, Z,.
The corresponding exceptional divisor is 3 - 4, so a pair of points P, P, on
E is exceptional for this addition law if and only if P, = P,.

Multiplying the addition law just given by s*(YZ) we obtain the
addition law corresponding to (0:1:0). It reads as follows:

X =V, VX, Y24+ X, Y ) +a,2X, Y.+ X, Y XL, Y +a7 X, X3 Y,
— X\ XX, Y+ XY ) ~aya, X X +a. X, Y (Y Z,42Y,2)
+a,a: X\ XY\ Z, - Y, 2 )—aa( X, Y-+ X, Y\ WX, 2, — X, Z,)
—a, X\ X5 (Y 2,4+ Y, Z))—al X\ Y+ XY VWX 2+ X, 2Z))
~a XX, Z,—a,a, X\ Xy(2X, Z, + XL Z )
—ayas X\ X322, —a3i X, Z,(2Y,Z, + Y\ Z,)
—3a X\ Y.+ X, YY) 2,2,
—3a( X\ Zy+ X, Z WY\ Zy+ Yo Z ) —a a3 X, Z,(X, Z,+ 2X,Z))
—~3a,a4 X\ ZA X\ Z5+2X-Z )t asad X 2, —2X.Z )X, 7,
—(af(l(,—alc13(14+aza_§+4(12a(,—ai)( Y.Z.+Y,Z,)Z,Z,
—(alag—aiasa, +a a-a; +dayaya,—ayay) X, Z, 723
—a( X\ Z,+ X, Z ) 7, Z,—3a a4 X, Z,+ 2X, 2 ) Z, Z,

2 2 3 2y F272
—(ajasa,—a,aza,+ a,ay+da,azya, —azay) L1 25,
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Y =YYi+a, X,Y Y, +(a,a,—3a,) X, X3Y,
b4y Y2 Y, Z, — (a%—3a,) X2X2
+(a,a,—a,a:)(2X, Z,+ X, Z,) X, Y,
+(aa,—2a,a,a;+3a%) XX, Z,
—(aya,— %) X, XX Z,+ X, 7Z))
+ (3a,a,—aa, ) (X, Z,+2X,Z2) Y, Z,
+(3aiae —2a,ayas+ asai + 3asag—ai) X\ Z( X, Z, +
— Basae—ai (X, Z,+ X, Z WX, Z,— X,Z,)
+(alag—aiasa, +a,a,a3 —a,a;+4a,a,a — az — 3a,¢
+{atas—ajaya, + 5atayaq +ata,al —a araya, —aa
—aia; + asai —ayal+daia, —aja, —3agas) X, 2, Z;
+(@laya, —a,a,a-a,+ 3a,aya, + asas —aya;
+dasa,—2a3a,—agae) X217,
+(@layae—atalas +atasa,+a ayal
+4da,a,a5a4 — 2a,a-a; + a,asa,
+da,a,a,—as—6asa,—a, —%al) Z:Z3,
Z2=3X, Xy X, Yot Xy V) 4+ Y, YA Y, Zs+ YaZ,) + 3a, X2 X
(2K, Yy + Y, X0) Y, Zy 4 a2 X, ZH2X, Y, + X, Ys)
+d, X\ XY, Z,+ Y52}
+a, (X, Y, + X, Y (X, Z,+ X, Z))
+ai XiXsZy+aya, X\ Xo(2X\ 2,4+ X, 2,
+3a3X1X§_Zl+a3 Y\ ZAY, Z,+2Y,2Z,)
+2a,a: X, ZY, Z,+Y,Z,)
+2a,a. X, Y\ 2, Z+a, X, Y-+ X, Y ) 2,2,
+a X, Z,+ XsZ (Y, Z,+ Y, Z)
+(atas+a,a) X\ Z,( X, Z,+2X,Z )+ asa- X5 Z,(2X,
+a3 Y\ Z\ Z3+ a5+ 3ag)( Y\ Z,+ Y, Z ) 2, Z
+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;
+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.
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Y= —3X XX, Y,-X,Y)) YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,
-Y\ YAV Z,- Y, Z))-2a(X,Z,— X, Z,) Y, ¥, +a, YiY,Z,—(a2—3a,) X?X?
+{ai+3a) X\ XY\ Z, = Y, Z)) +(aa,—a,a:)2X\ Z,+ X, Z) X, Y,
—(aT+a X, Y.+ X Y(X, Z,—- X, Z)) b (@Pay—2a,aqas +3a%) X2 X, Z,

+(aya, —3a;) X\ Xo( X\ 2, — X, 2Z,)
—(2a,a+ a0 X,Y,— X, Y V2,2,

+a X\ Z,+ X, Z WY, Z,— Y, Z))
t+(ayay—aa WX, Z-+ X, Z )X, Z,— X, Z))
+(ai+3a Y\ Z,—Y,Z) 2, Z,
+(3a,aq —aa XX\ Z,—X-2Z\)Z, Z,,

—(aya,—9a) X, X5( X Z,+ X5 7))

+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,
+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )
—3aa—a )X, Z,+ X, Z WX\ Z,— X, Z)

3 2 2 3 2
+(aja,—arasa,+a,a,a5 —a,a;+4a a0 —ay — 3asal) Y, 2, Z3

20 = 3K Xa X1 Za— XoZ0) = (V1 Zo b YaZ N Y\ Zae Yo Z)) +(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
Fa (X, Yo XY ) 2, Zy—a (X, Z2— X, Z WY, 22+ Yo Z ) —ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75
Fa X\ Zy+ X Z WK\ Zs— X Z ) —al Y\ Z— Y. Z) Z, 2, +(aiaya,—a,a,a 0, + 3a,asa,+ aza; — a,a;
PP SVALD CVAS VAV AS +4dasa,—2a3a,—3azay) X-Z3 7,

3 2,2 2 3
The corresponding exceptional divisor is 3 - 4, so a pair of pomnts P, P, on tldyaas —ajaza, +ayade +a,a,a;
F is exceptional for this addition law if and only if P, =P,. +da,a,asa,—2a,a,a3 + a,ala,
Multiplying the addition law just given by s*(Y/Z) we obtain the
» ) +da,a,a,—at—6ata, —a, —%al) 21 Z*
addition law corresponding to {0:1:0). It reads as follows: 2Hate T %3 3% T %4 6/ “1<2,
Z3=3X, Xo(X, Y, + X, Y )+ Y\ Yo(Y, Z,+ Y, Z) + 3a, X2 X35
+a,(2X, Y, + Y, X5) Y, Z,+ai X, ZA2X, Y, + X, Y,)
+ar X\ XY 2o+ ¥, 2Z))

+a,( XY, + X, Y WX, Z,+ X, Z))

X =V, VX, Yo+ X, V) +a)(2X, Y, + X, YV XL Y +ai X, X3 Y,
— X XAX Y+ Xo Y ) —a,ax XX+ a X, Y (Y, 2,4+ 2Y,7)
+a,a: X, XA Y, Z, = Vs Z ) —aa( X, Y2+ X YN X,Z2,— X, Z))
— X XA Y, 2,4+ Y, Z)) —ay (X, Y+ X VX 2, + X Z)

—~a: X1 X7, —a,a, X, X;2X,Z.+ X, Z)) +ai X1 X, Z, 4 a\a, X Xo(2X, Z, + X, Z )

—ayas X\ X3Z,— a3 X, Z,(2Y,Z, + Y, Z,) +3a: X\ X3Z, +a; Y\ ZAY\Z,+2Y,2Z))

—3a X\ Y+ X, Y 2,2, +2aa: X\ Z( Y, Z,+ Y, 2,)

34 (X, Zat Ko Z WY, Zy 4 Yo Z V= ay a2 X, Zo( X, Z s+ 2K Z,) 20,0, X, Y, Z, Zy ¥ al X, Yok X, Y) Z, Z,

—3a,a4 X\ Z X\ Z5+2XZ )t ava X 2, -2X,Z )X, Z, t+af X, Z,+ X Z WY, Z,+ Y, 2Z,)

—(alag—ayara,+ ara3+dasao—a)\ Y\ Z,+ Y, Z) Z, Z, +(alas+a,a) X\ Zo( X\ Z,+2X,Z )+ ara, X2 Z,2X 2, + X5 Z,)
—(alag—alasa, +a axa; +dayaya,—aya) X, Z, 73 +alY,Z, 22+ (a2 +3ag)\ Y, Z,+ Y, Z) Z,2Z,

—ay\ X\ Z,+ X,Z)) Z, Zy = 3aya( X, Z,+ 2X, Z,) Z, Z, +a,a22X,\Z,+ X, Z,} 2, Z,+ 3a,as X\ Z | Z>

—(ajaa,—a,a3a,+ a,a} +dayaya, — asay) Z1Z3, 4 ara X\ Zy +2X2Z ) Z, 2, + (@ + 3ayae) Z2 72,
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VXX, Y, - XL, Y)

YA Y Z,— Y, Z)) 20X, Z,—X,Z,) Y, Y,
T4+3a,) X\ X,(Y\ Z,— Y, Z,)

THa X, YL, + X, Y X, Z, - X, Z,)

iy —3u) X\ XoA X £, — X, 2Z,)

aai+a )X, Y,.- X, Y 2,2,

(X Z,+ X, Z WY 2, — Y, Z))

s —ara WX, Z.+ X2 Z WX 2, — X, 2y

4 3a N Z,— Y2V Z,Z,

Qg — a0, 0 X\ 2,— X-Z\) 2, Z,,

Y. (X Z, - X.Z)—( Y\ Z,+ Y. ZNY Z,—-Y,.Z))

(X, Y, - X, Y Z,Z,—a (X, Z,— X, Z WY, Z,+ Y, 2Z))
(X, Z.+ X, Z X\ Z,— XsZ\)—a( Y \Z, - Y, Z\) £, 2,
(X\Z.—X,Z\H)Z,7Z,.

ding exceptional divisor is 3 - 4, so a pair of points P,, P, on
al for this addition law if and only iIf P, = P,.

the addition law just given by s*(Y/Z) we obtain the
orresponding to (0:1:0). It reads as follows:

Yo+ XY ) +a,(2X, Y+ X, Y X, Y +al X, X3 Y,
XAX, Y+ XY ) ~a,a: X7 X2+ a: X, Y( Y 2,4 2Y, 7))
X XY, Zy— Yo Z ) —a,as( X, Vot Xo VWX, Z,— X, Z,)
XY, Zo+ Y2Z) —aa( X, Yot Xa Y U X\ Zy + X Z)
X2X,Z,—a,a, X, Xo(2X, Z, + X>Z,)

X, X2Z, —aiX,ZA2Y,Z, + Y, Z>)

Y.+ X, Y 2,2,

(\Zy+ X Z WY\ Zy+ YaZ))—a a3 X, Z,(X, Z,+ 2X,2Z))
X\ ZA X\ Zy+2XaZ )+ asald X\ 2, —2X-Z )X, Z,
—a,dxa,+ aras+dasac—a Y\ Z,+ Y, Z) 2, Z,
—alasa,+aayai+dayaya,—aa;) X, Z, 73

2+ X, Z ) 2 2y —3aza X\ Lo+ 22X 2 2, 2,

2> 3 3, 2 2
e —a,d30,+ a,ay+da,a a4 —azay) L7 25,
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Y =YYi+a, X,Y Y, +(a,a,—3a,) X, X3Y,
+a  YiY,Zy—(a5—3a,) X7X3
+(aa,—a,a- )2X,Z,+ X, Z,) X, Y,
+(aja,—2a,aa;+ 3a3) X1X,Z,
—(ayay—%ag) X, XA X, Zy+ X, 7))
+ (3a,a,—aa, ) (X, Z,+2X,Z2) Y, Z,
+(3aiae —2a,a a5+ asay + 3asag—ai) X\ Z( X, Z,+2X,Z,)
— Basae—ai (X, Z,+ X, Z WX, Z,— X,Z,)
+(alag—aiasa,+a,a,a3 —a,a; +4a,a,as — a3 — 3asag) Y, Z, 73
+lata,—ajaya, + 5aajag+atasal —a ara,a, —a,a3 — 3a,aqaq
—aia; + asai —ayal+daia, —aja, —3agas) X, 2, Z;
+(@laya, —a,a,a-a,+ 3a,aya, + asas —aya;
+dasa,—2a3a,—agae) X217,
+(@layae—atalas +atasa,+a ayal
+4da,a,a5a4 — 2a,a-a; + a,asa,
+da,a,a,—as—6asa,—a, —%al) Z:Z3,

Z2=3X, Xy X, Yot Xy V)4 Y, YA Y, Zst YaZ,) + 3a, X2 X2
(2K, Yy + Y, X0) Y, Zy 4 a2 X, ZH2X, Y, + X, Ys)
d X XA Y\ Zs+ Yo Z))
X, Y+ X, YK, Zy+ X, Z,)
+ai XX Z, v a a, X Xo(2X 2, + X, 2,
V30, X, X2Z, 4 ay Y, Zo Y\ Z, + 2V, Z,)
+2aa: X, Z(Y Z,+ Y, Z)
20,03 X, Y\ 2, Zs +ay X, Yok X, ¥\) Z, Z,
b ay( X, Zy+ XoZ WY, Zy+ YaZy)
+(atas+a,a) X\ Z( X, Z,+2X,Z Y+ asa- X2 Z,(2X, 2y + X5 Z))
+a3 Y\ Z,\Z5+ a3+ 3a) Y\ Z,+ Y, Z ) Z, Z,
+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;
+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.

1987 Le
complet:
to comp
E(R) fo

rings wii

Define F
XY, £
where (.

{(AX, A

Define £
{(X:Y
Y27 —
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X, Z,—X,Z) Y, ¥s
Zy)

Z,—X-Z,)

Y,Z,)

Z,7,

7))

WX\ Z,— X, Z,)

£

SVAVA

A Y, Z WY Zy— YsZ))
(X, Zy— Xy Z WY, Zs+ Yo Z,)
Z ) ~ad Y\ Zs— Y,Z) 2\ Z,

s 3.4, so a pair of pomnts P,, P, on
‘and only if P, =P,.

given by s*(Y/Z) we obtain the
It reads as follows:

+X, Y X, Y +a; X, X3Y,
XiXi+a X, Y(Y,Z,+2Y,7))
ad X, Y, + XL, Y WX, 22— X, 2Z,)
Y.+ XY WX 2+ X Z))
Z,+X,Z))

A

Z)—a,adi X, ZAX,Z,+2X,2Z))
X, Zs—2XZ) X2 2,
—a WY\ Z,+Y,Z)Z Z,
aya,—aaz) X\ Z, 73

X\ 742X 7)) 2, 7,

2 2 2
R PR I o WAV A

~

s

38

BOSMA AND LENSTRA

YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,

b ay Y2 Y,Z,— (a2 — 3ag) X2 X3

+(a,a,—a,a:)2X, Z,+ X, Z)) X, Y,
+(ala,—2a,a,a;+3a3) X* X, Z,
—(aya,— %) X, X2l X, Z,+ X, Z))

+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,

+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )

— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75

+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,

+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,

4 2 3 2y 7272
+da,a,a, —ay—bajas—a, —%a.) L1 25,

ZP=3X, XX, Y, + X, Y )+ Y\ Yo(Y,Z,+ YV, Z)) + 3a, X3 X3

+a(2X,Y,+ Y, X,) Y122—+-an,Z;,(2/\’2 Y+ X,Y,)
+a, X\ XY, Z,+ Y, 2Z,)

+a,( X, Y, + X, Y (X Z,+ X, Z))

+al XX, Zy+aa, X\ Xs(2X,\ Z,+ X, Z )
+3a: X\ X3Z,+a, Y\ ZAY, Z,+2Y,2Z))
+2a,a: X, Z,(Y,Z,+Y,Z,)

+2a,a:. X, Y\ 2\ Z+a X, Y-+ X, Y )2, 24,

+ald X\ Z,+ X Z WY, Z,+Y,2Z))

+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

1987 Lenstra: Use
complete system c
to computationall
E(R) for more gel
rings with trivial c

Define P?(R) = {
X, Y. Z € R; XR-
where (X : Y : Z)
{(AX,AY, AZ) 1 A

Define E(R) =
{(X:Y:2Z)€eP?
Y2Z = X3 + as X
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Y‘)Zl)

-

P,, P,on

btain the

Y,
Y, 7))
'XﬁZ])

L

)

X, 7))

S
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Y =YYi+a, X,Y Y, +(a,a,—3a,) X, X3Y,
b4y Y2 Y, Z, — (a%—3a,) X2X2
+(a,a,—a,a:)(2X, Z,+ X, Z,) X, Y,
+(aa,—2a,a,a;+3a%) XX, Z,
—(ayay—%ag) X, XA X, Zy+ X, 7))
+ (3a,a,—aa, ) (X, Z,+2X,Z2) Y, Z,
+(3aiae —2a,a a5+ asay + 3asag—ai) X\ Z( X, Z,+2X,Z,)
— Basae—ai (X, Z,+ X, Z WX, Z,— X,Z,)
+(alag—aiasa,+a,a,a3 —a,a; +4a,a,as — a3 — 3asag) Y, Z, 73
+lata,—ajaya, + 5aajag+atasal —a ara,a, —a,a3 — 3a,aqaq
—aia; + asai —ayal+daia, —aja, —3agas) X, 2, Z;
+(@laya, —a,a,a-a,+ 3a,aya, + asas —aya;
+dasa,—2a3a,—agae) X217,
+(@layae—atalas +atasa,+a ayal
+4da,a,a5a4 — 2a,a-a; + a,asa,
+da,a,a,—as—6asa,—a, —%al) Z:Z3,

Z2=3X, Xy X, Yot Xy V)4 Y, YA Y, Zst YaZ,) + 3a, X2 X2
(2K, Yy + Y, X0) Y, Zy 4 a2 X, ZH2X, Y, + X, Ys)
+d, X\ XY, Z,+ Y52}
+a, (X, Y, + X, Y (X, Z,+ X, Z))
+ai XiXsZy+aya, X\ Xo(2X\ 2,4+ X, 2,
+3a3X1X§_Zl+a3 Y\ ZAY, Z,+2Y,2Z,)
+2a,a: X, ZY, Z,+Y,Z,)
+2a,a. X, Y\ 2, Z+a, X, Y-+ X, Y ) 2,2,
+a X, Z,+ XsZ (Y, Z,+ Y, Z)
+(atas+a,a) X\ Z( X, Z,+2X,Z Y+ asa- X2 Z,(2X, 2y + X5 Z))
+a3 Y\ Z\ Z5+ a5+ 3a)( Y\ Z,+ Y, Z ) 2, Z,
+a,ai2X,\ Z,+ X,Z) 2, Z,+3a,as X, Z, Z;
+ara X, Z,+2X,Z ) Z,Z, + (a3 + 3aja,) Z2Z2.

1987 Lenstra: Use Lange—R
complete system of addition
to computationally define gr
E(R) for more general rings
rings with trivial class group

Define P?(R) = {(X :Y : Z
X, Y. Z € R, XR+YR+ZK
where (X : Y : Z) is the mo
{(OX, MY, AZ): X € RY}.

Define E(R) =
{(X:Y:2Z)€P?R):
Y2Z = X3+ as XZ% + a6Z
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YO =Y1Yi4+a, X,Y Y, +(a,a,—3a,) X, X3Y,
b4 Y2 Y, 7, — (a2 —3a3) X2X2
+(aa,—a,a)2X, Z,+ X, Z) X, Y,
+(ala,—2a,a,a;+3a3) X* X, Z,
—(aya,—9a) X, XA X, Zy+ X, 7))
+ (3a,a, —aza (X, Z,+2X,Z2) Y, Z,
+(3aiae — 2a,ayas+ aral + 3ayag—ai) X\ Z( X, Z, + 2X, 2 )
— Basae—a X, Z,+ X, Z WX, Z,— X, Z,)
+(alas—ala,a,+a,a,a3 —a,a;+4da,a,a, — a3y — 3asag) Y Z,Z3
+(atag—ataya,+ S5atasaq+ata,ai —a,ara,a, —a a3 —3a,ayd,
—ajai+aial —ayal+dasa, —asa, —3agas) X, 2, 75
+(alaya, —a,a,a-a, + 3a,aya, +asa; —a,a;
+4dasa,—2a3a,—3azay) X-Z3 7,
+(@larae—atala, +atasa,+a,a,al
+4da,d,aza, — 2a,a,a% + a,aia,
+da,a,ae—at—6asa,—a, —%a;) Z3Z3,

ZO=3X, Xy X, Yo b Xy Y )+ ¥, Yo ¥, 2o+ Yo Z)) + 30, X2 X3
(2K, Y+ Y, X)) Y, Z+ a2 X, ZA2K, Y, + X, Ys)
@ X XY\ Zs+ Yo Z))
X, Y+ X, Y X, Zy + Xo 7))
+ai XiX,Zy+a,a, X X5(2X, 2,4+ X, Z )
30, X, X2Z, 4 as Y\ Zo ¥\ Zy 4 2V, Z))
+2a.a. X, 2 Y, Z,+Y,Z,)
20,0 X, Y, Z, Zy b al( X, Yot X Y\) Z, Z,
X, Zy+ X2 Z WY, Zy+ Yo Z,)
+(atas+ayay) X\ Z( X, Z,+2X,Z)+ aya, X, 22X, 2y + X5 Z )
+ay Y\ Z\ Z5+ a5+ 3ag)W Y Z,+ Y, Z) 2, 2,
+a,a32X,Z,+ X, Z ) 2, Z,+3a,a X, Z, Z3
‘aal X, Z,+2X,Z ) Z,Z, + (a3 + 3asa,) Z1 73

1987 Lenstra: Use Lange—Ruppert
complete system of addition laws
to computationally define group
E(R) for more general rings R—
rings with trivial class group.

Define P?(R) ={(X:Y : Z):
X,Y,Z€R;, XR+YR+ZR = R}
where (X : Y : Z) is the module
{(AX, XY, \Z) : X € R}.

Define E(R) =
{(X:Y:2Z)€P?R):
Y°Z = X3 + a4 XZ° +agZ3}.
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+a X, Y1 Y, +(a;a,—3a.) X, X3 Y,

Y2Y,7Z, — (a2 —3a,) X2 X3

a,—a,a; 02X, Z,+ X, Z,) X, Y,
a,—2a,a,a,+3a3) X3 X, Z,

as—9aq) X\ XX\ Z,+ X, 7))

Lde—aa (X, 2, +2X,2,)) Y, 2,

11ae — 20 ayay+ dyas + 3asag—ay) X, Z( X, Z,+2X,2Z,)
10 — a3 ( X\ Z,+ X, Z WX\ Z,— X, Z )

‘1 —asa,a,+a,a,ai—a,a;+da,aas—ay—3asag) Y, Z, Z3
bag — aiaya, + 5atayag+ata,al —a ara,a, —a, a3 — 3a, aqaq
a; + aial—ayai+daiag—aja, —dagag) X, 72,73

Uy — A, d,0a, + 30, aya, + a5a3 — a,a;
Sa,—2a3as—3asay) X-Z3 7,

‘asag —araia, +atasa,+a asa;
Q230 — 20,0505+ ayaia,

A48 —as —baiag—ay—%al) Z1Z3,

X, Yyt Xo Y )+ Y, Y Y, Zat YaZ)) + 3a, X2 X2
2X,Y,+ Y, X,) Y,Zz+a:§X,Z;,(2X2 V,+X,Y,)

X\ XY, Z:+ Y52}

X, Y.+ X, Y (X Z,+ X, Z))
XiXoZo+aja X\ X,(2X\ Z,+ X, 2,)

3X1X‘;‘_Zl+a3Y122( Y\ Z,+2Y,7Z))

X LAY 2,4+ Y, Z))

Vs X Y\ 2 ZstaX, Y-+ XL, Y ) 2, 72,

X, Z,+ XsZ WY, Z,+ Y, Z))

ay+a,a,) X1 Z X\ Z,+2X,Z )+ ara, X, 22X, 2, + X, Z))
Y\Z\Z3+ (a5 +3a WY, Z,+ Y, Z)Z | Z,

22X, Z,+ X, Z ) 2, Z,+3a,as X\ 2\ Z;

1\ X\ Z,+2X,Z ) Z,Z, + (a3 + 3asae) Z1 7.

1987 Lenstra: Use Lange—Ruppert
complete system of addition laws
to computationally define group
E(R) for more general rings R—
rings with trivial class group.

Define P?(R) = {(X :Y : Z):
X,Y,Z€R;, XR+YR+ZR = R}
where (X : Y : Z) is the module
{(AX, XY, \Z) : X € R}.

Define E(R) =
{(X:Y:2Z)€P?R):
Y°Z = X3 + a4 XZ° + agZ3}.

To defin
(X1:1

Considel
Lange—F
(X5:Y;

Add the

(")

Express
using tri
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3as) X, X3Y,

;

DX Y,

22,

(,7Z,)

7)Y, Z,

arag—ai) X\ Zo( X, Z,+2X,2Z,)

X Z,— X.Z,)
\a;+4a,a,as—ay—3asag) Y, Z, 73
ATd,a5 —d, Q20,04 — Qa3 — 3a,d4dg
~ata, —3aa,) X, 2,73
a,+asa;—a,a;

27,

3
- asasg

9ag) Z31Z3,
Y\ Z,+ Y, Z)) 4+ 3a, X2X3
X, Z2X, Y, + X, Y,)

2Zy)
\ZQ-*-XZZI}
2+ 2Y,7)

+X,Y\) £, 24,

7))

2X.Z )+ a,a X, Z,(2X 2, + X5 Z )
.+ Y, 2 2, 2,

v 3a,a X\ 2, Z3

+ (a3 + 3asa,) Z3Z3.

1987 Lenstra: Use Lange—Ruppert
complete system of addition laws
to computationally define group
E(R) for more general rings R—
rings with trivial class group.

Define P?(R) ={(X:Y : Z):
X,Y,Z€R;, XR+YR+ZR = R}
where (X : Y : Z) is the module
{(AX, XY, \Z) : X € R}.

Define E(R) =
{(X:Y:Z)€P?R):
Y°Z = X3 + a4 XZ° +agZ3}.

To define (and col
(X1 Y7 Zl) + ()

Consider (and con
Lange—Ruppert (X
(X3:Y3:23), (X

Add these R-mod
{ (AX3,AY3, \Z:
+ (N X5, A'YS, N
N ()\”X”, )\”Y”, ;

A, A
Express as (X : Y
using trivial class
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1.) Y]Z,Z%

L+ X,Z))

1987 Lenstra: Use Lange—Ruppert
complete system of addition laws
to computationally define group
E(R) for more general rings R—
rings with trivial class group.

Define P?(R) = {(X :Y : Z):
X,Y,Z€R;, XR+YR+ZR = R}
where (X : Y : Z) is the module
{(AX, XY, \Z) : X € R}.

Define E(R) =
{(X:Y:2Z)€P?R):
Y°Z = X3 + a4 XZ° + agZ3}.

To define (and compute) su
(Xl:Yl:Zl)—I—(XQ:YQZZ

Consider (and compute)
Lange—Ruppert (X3:Y3: 2
(X53:Y35:25), (X5:Y5 : Z

Add these R-modules:

{ (AX3,AY3,AZ3)

-+ ()\’Xé, )\’Y3’, )\’Zé)

L ()\”Xé/, A/Iy3/l, )\//Zé/) :
MDA e R

Express as (X : Y : Z),

using trivial class group of F




1987 Lenstra: Use Lange—Ruppert
complete system of addition laws
to computationally define group
E(R) for more general rings R—
rings with trivial class group.

Define P?(R) ={(X :Y : Z):
X,Y,Z€R;, XR+YR+ZR = R}
where (X : Y : Z) is the module
{(AX, XY, \Z) : X € R}.

Define E(R) =
{(X:Y:Z)€P?R):
Y°Z = X3 + a4 XZ° +agZ3}.

To define (and compute) sum
(X1:Y1:2Z1)+ (Xo:Ys: 2Zo):

Consider (and compute)
Lange—Ruppert (X3 :Y3: Z3),
(X5:Y5:2Z5), (X5 : Y5 Z73).

Add these R-modules:
{ (AX3,AY3,173)
-+ ()\’Xé, )\’Y3’, )\’Zé)
L ()\llxél, )\HY3H1 A/Izél) :
M N e R
Express as (X : Y : Z),
using trivial class group of R.




