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How to prove that m Is prime

Select group scheme G over Z/n.
Typical examples: (Z/n)*;
((Z/n)[z]/(z* +1))%;

an elliptic curve over Z/n.

Prove that G(Z/p) is large
for all primes p dividing n.

Conclude that p is large.



How to prove that group is large

Old strategy (Pocklington et al.):
ldentify order-g element of group,
for various prime powers g
dividing presumed group order.

New strategy (Fellows-Koblitz,
Agrawal-Kayal-Saxena, et al.):
Combinatorially identify many
distinct elements of group.



Typical example

Given h € k|z], degh = e,
S Ck, #5 = e, with
T — s € (k[z]/h)* for each s € S.

Consider group G C (k[z]/h)*
generated by {x —s:s € S}.

#G > 2° — 1: products of
proper subsets of {z — s}
are all distinct modulo h.



Better bounds

#G > (%71 ~ 2%
count polynomials of degree < e —1.

4G > (i) ({eé2j) ([e/2]—1+e—z)

e—=z2

~ 2294€ \with z ~ 0.29e:
count rational functions

with numerator degree < |e/2]

and denominator degree < [e/2]—1.
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Applying ABC

Look at polynomials of larger degree.
Use ABC theorem to see that
three such polynomials

cannot be the same modulo A.

Suggested by Voloch.

Further improvements by Bernstein:
4G > %(p.lej) ~ 02.096e

e



Thm: If A € k[z], degh > 0O,
1,2,3,...,3degh — 2 € k¥,

a, b, c € kl|z], distinct, nonzero,
gcd{a,b,c} =1,

a=b=c (modh)

then degradabc >

2deg h — max{dega, degb, degc}.

Typical example:

a=z9 b=219 c=1,

radabc =, h = e



Pf. Assume deg a largest. Define
__ b—c __c—a __a—b
U= v= Y= "m

d = gcd {ua, vb, wc}.

dega > 0 so degradabc > 0.
Done unless dega < 2degh — 1.

ldea when d = 1: (ua)' # 0
since 1 < degua < 3degh — 2.
ua + vb+ we =0 so

deg rad uvwabc > degua so

deg uvw + degrad abc > deg ua.
Use degvw < 2(dega — degh).



For arbitrary d:

Done unless degd < deg ua.
(ua/d)" # 0 since

1 < deg(ua/d) < 3degh — 2.
ua/d + vb/d + wec/d = 0 so

deg rad(uvwabc/d>) > deg(ua/d).

Voloch continuation: d divides
gcd {uvwa, uvwb, uvwce} = uvw so
2 deg uvw + deg rad abc > deg ua.



Bernstein continuation:
d rad(uvwabc/d3) divides
uvw rad abc.

(Exponents: If min{a, b, c} = 0 and
d=min{u+ a,v+ b, w + c} then
d+|u+v+w+a+b+c> 3d]
<u+t+v+w+|a+b+c>0])

So for any d obtain
deguvw + degradabc > degua. B



Thm: If A € k[z], degh > 0O,
1,2,3,...,3degh — 2 € k¥,

a, b, c € kl|z], distinct, nonzero,
gcd {a, b, c} coprime to h,
a=b=c (modh)

then max {dega, deg b, deg c} >
2degh

— degrada — degrad b — degradc
+ degradgcd {a, b}

+ degradgcd{a, c}

+ degrad gcd {b, c}.
Pf: Divide by gcd; incl-excl.



What about a1 = a2 = a3 = a4”?

Sum previous inequality for
{a1,a2,a3}, {a1,a2, a4}, etc.:

4 max{dega;} > 8degh
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degrad ajarazas >

degrada; + degradas

degrad a3 + degradaq

— degradged{aj,as}
— degradged{aj, a3}
— degradgcd {a1, a4}
— degradgcd {as, a3}
— degradged{as, as}
— degradgcd {a3, as}
by incl-excl, so

3degradajasazas + 4 max{dega;}
> 8degh
— degradged{aj,az} —---.



Use degradgcd{aj,ar} <
max{dega;} — degh.

degradajasazas >
(14/3)deg h — (10/3) max{dega;}.

In particular, if degh = e
and degradajajsazasq < e,
then max{dega;} > 1.1e.

So 4 products of degree < |1.1¢]

cannot all be the same modulo A.
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More polynomials

Consider distinct a1, a», ..., am,
all congruent modulo h.

Average all subsets of 3:
3m2—5m— 6
3m2—Tm

max degree >

Challenge: Prove max degree > 2e

for some moderate m. Would give
lower bound ~s 22:7°€ for #G.

Don't have to use ABC per se;
play with many derivatives directly.



