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Given integers a, b, define an increasing sequence
Go(a,b) C Gi(a,b) C ... C Gula,b) C ...
of finite subsets of Z as follows: Gy(a,b) ={0,1,a,b}, and

Gns1(a,b) = Gyp(a,b) U {sums, differences, integer quotients, remainders,
and products of two numbers in G,(a,b)}.
Let g(a, b) be the least n such that ged(a,b) € Gy (a,b). There is a very easy double logarithmic upper bound (logarithms

to base 2):
g(a,b) < 4logloga (a>0b>1).

This talk will focus on a more difficult lower bound:

There are infinitely many (a,b) with a > b > 1 such that
1
g(a,b) > Z\/log log a.

The proof uses arithmetic properties of integer solutions to the Pell equation 22 — 2y? = 1. There are also connections,
via model theory, to irrationality and transcendence. Motivation for finding such bounds comes from joint work with
Yiannis Moschovakis on arithmetic complexity. 1 will mention some open problems in this area. (Received February 13,
2006)



